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ABSTRACT

This study's objective is to analyse the conditions of propagation of an
oscillatory front crack along a non-planar interface, under mixed mode I + Il +
Il loading. The crack model consists of a continuous distribution of three
families of non-straight dislocations having the shape of the crack front :
families 1 and 2 are edges (on average) and family 3 is screw. The associated

Burgers vectors Bj (=1, 11, 111) are directed along the applied tension and shears
x, and x, directions, respectively. The dislocations are aligned along the
x, — direction and spread in x,x, - planes in a small oscillating form & (x,, x,)

X,

at an average elevationh(x,) . It is sufficient to investigate a simpler model

where the interface is in the form of a corrugated sheet and the dislocations
have a sinusoidal form. The first part I of this study has provided expressions

for the displacement and stress fields of sinusoidal dislocations with b,
(glide-type edges) and b,, (screws). Those i ™ and (o)™ of dislocation family

2 with b, (climb-type edges) are the subject of this part I1. It is shown that in
order to guarantee conditions of continuity of the elastic fields at the crossing
of the interface, the relative variation of volume must be continuous at the
crossing of the interface with well-defined non-zero values which depend on
Poisson’s ratios. This results in an estimated mismatch, far from the interface,

between the displacements v " and u ‘™ ; the latter corresponding to the field
due to the same dislocation in a totally homogeneous medium.

Keywords : linear elasticity, interface dislocations, Galerkin vector, three-

dimensional biharmonic functions, Fourier forms, linear systems
of equations.
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RESUME

Fissure d'interface non plane sous sollicitation extérieure arbitraire
I1. Dislocation coin de type montée

La présente étude se fixe pour objectif d'analyser les conditions de propagation
d'une fissure de front oscillatoire le long d'une interface non plane sous
sollicitation en mode mixte I+1I+11l. Le modéle de fissure adopté, est une
distribution continue de trois familles de dislocations non rectilignes ayant la
forme du front de fissure : les familles 1 et 2 sont des coins (en moyenne) et la

famille 3 est vis. Les vecteurs de Burgers infinitésimaux associés b,

(=1, 1, 1) sont suivant les directions x, , x, et x,, correspondant a la tension
et aux cisaillements appliqués, respectivement. Les dislocations sont suivant la
direction x, et s'étalent dans les plans x,x, dans la forme & (x,, x,) a la hauteurh(x,)
. 11 suffit d’analyser un modele de fissure plus simple dans lequel I’interface a la forme

d’une tble ondulée et les dislocations sont sinusoidales. La premiére partie de cette
étude a fourni les expressions des champs de déplacement et contrainte des

dislocations sinusoidales avec EI (coins de type "glissile™) et p,, (vis). Ceux de la

famille 2 avec b, (coins de type "montee") sont I’objet de cette partie 1. On montre
que, dans le but de garantir la continuité des champs élastiques a la traversée de
I’interface, la variation relative de volume doit étre continue au passage de I’interface
avec une valeur bien définie, non nulle, laquelle dépend des rapports de Poisson des
milieux environnants. Il en résulte un écart estimé, loin de I’interface, entre les

- (m)eo

déplacements u ‘™ et u ; le dernier correspondant aux champs de la méme
dislocation dans un milieu totalement homogéne.

Mots-clés : élasticité linéaire, dislocations d'interface, Vecteur de Galerkin,
fonctions biharmoniques a trois dimensions, expansions en series
de Fourier, systemes d'équations linéaires.

| - INTRODUCTION

This study is involved with the determination of the elastic fields of a
non-planar interface crack model in equilibrium under an externally applied
general loading. The model of crack and its pertinence to represent large real
cracks have been introduced in part | of this work [1] ; it consists of two
infinitely extended elastic mediums R1 and R2 firmly welded along a
non-planar interface R (Figure 1). With respect to a Cartesian coordinate
system x, , the crack extends fromx, = —-a to a, fluctuates on average about

ox ,x, -plane; its front runs indefinitely in the x, - direction and spreads in
x,x, — planes in the Fourier series form f, written as
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f=> (& sin x x,+5 cos x x,)+h=¢&+h (1)

n

where n is a positive integer; h, £ , s and «_ are real numbers that depend
on position x, along the crack length. The system is subjected to remote applied

o
2> Xy

I
1
—id ( ) / %Xl

Figure 1 : Schematic illustration of the crack front in two elastic solids (1)
and (2) welded along a non-planar wavy surface that contains an
interface crack. The crack fronts lie in x,x, - planes in the form f
(1); in this geometry, the system is subjected to mixed mode I1+11+I11
loading with the applied tension in the x, - direction. The average
fracture surface (dashed) is shown perpendicular to that direction

general loading, corresponding to a tension alongx,, and two shears
(parallel to x,x, ) directed along x, and x, , respectively. Our method of analysis

consists in representing the crack by a continuous distribution of three families
of non-straight infinitesimal dislocations having the form f. Families 1 and 2
are edges (on average) and family 3 is screw. The associated Burgers vectors

Bj (=1, 11, 1) are directed along the applied tension and shears x, ,

directions, respectively. It is sufficient to investigate a simpler model where the
interface is in the form of a corrugated surface S and the dislocations have a
sinusoidal form A given by

x, and x,

A =& sin kX, . (2)

The applied loadings and dislocation Burgers vectors are unchanged. The case
of a general shape, with crack front f (1), is achieved by superposition [1]. From
the elastic fields of the dislocations, the crack-tip stress and crack extension
force can be evaluated. Such analyses, with variable complexity of the crack
front, exist in the case of an infinitely extended isotropic medium ([2 - 9],
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among others). We plan to extend the analysis to non-planar interface cracks
under general loading (mixed mode I+11+111). The first part | of this study [1]
has provided expressions for the displacement and stress fields of sinusoidal

dislocations with b, (glide-type edges) and b, (screws). Those of dislocation

family 2 with b, are the subject of this part Il. For the various types of

dislocation, the general geometry is that of Figure 2; because b, = (b,0,0)is
out of the ox ,x, —plane of location of the dislocation, this is a climb-type edge.

In what follows, the methodology and elastic field expressions form Section 2
and 3, respectively. Discussion and conclusion form Section 4 and 5
respectively. The third part I11 of the work will deal with crack-tip stresses and
crack extension force when the non-planar interface crack is loaded in mixed
mode 1+11+11l.

Il - METHODOLOGY

We seek the elastic fields of a dislocation (b, = (b,0,0)) lying on a non-planar
interface S having the form of a corrugated sheet that separates two firmly
welded elastic solids S1 and S2 of infinite sizes. S is defined by the point
P.(x,,x, = &£ sin x x,,x,)and S1 and S2 occupy the regions x, > & sin «_x,
andx, < ¢ sin « x,, respectively. The situation is shown in Figure 2 where S1

and S2 are confined for illustration purpose in a parallelepiped of finite sizes.
The dislocation is located at the origin, runs indefinitely in the x, - direction

and spreads in the x,x, - plane in the form A (2).

XZ
R L Ty
_;/ 7 Tq- XIF
/bm 4 I
774y
¢ Xy
/ 2)

Figure 2 : Two elastic mediums (1) and (2) welded along a non-planar
sinusoidal surface and containing an interface sinusoidal
dislocation at the origin. The dislocation lies in the o, x_ —

plane in the form o_and runs indefinitely in the x__ direction
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The methodology has been detailed in different places [1, 10, 11]. The elastic
fields (¢ ™, (o)™ ) are assumed to be the difference between two quantities

(J(m)w ,(U)(m)w ) and (Jm)w 1(0)(m)w ):

~(m) lJ(”")“O _J(m)W

u =
(@)™ = ()™ ()™ ©)

The former with « corresponds to the fields of a sinusoidal dislocation
(edge or screw) in an infinitely extended homogeneous solid (m); the latter with
W satisfies the equations of equilibrium and is constructed in such a way that :
@) (a™, (o)™ ) are continuous at the crossing of the interface, implying that

AL_J‘{L(PS) = L—l'(z)co _ L-l‘(l)oc _ J(Z)W _ l](l)w = AJW (PS)

(Ac) (P) = ()" = ()Y = ()" ()" =(a0)" (Py); 4)

(b) (0™, ()™ ) tends to (v ‘™, (o)™~ ) when one moves far away from the
interface in the x, — direction. This means that

— (m)W
u — 0 (5)

w
MW 0

(o)

when [x,| > « . (i, (o)™ ) may be taken from [6, 7]; they are given to linear
expressions with respect tog . The associated terms (u ™~ , (&)™~ ) of zero
order correspond to the fields of a straight dislocation and second terms (G *- ™~ ,
(o)™~ ) are proportional to either A or its spatial derivativesa_ /x, . Hence, we
have

T (0)o

AUT(P,) = AU N

©

(6)

(0)w

(Ac) (P) =(Ao) +(Ac)™M”

on the interface point p_(x,, x, = ¢, sin «, x,,x,); Appendix A below gives the

complete list, component by component, for the climb-type sinusoidal edge
dislocation; the corresponding values for the glide-type edge and screw sinusoidal
dislocation have been given in [1, 10, 11]. (¢‘™" ,(o)™" ) are obtained with the
help of Galerkin vectors; these are available for the glide-type edge and screw
(see [1, 10, 11]). For the climb-type sinusoidal edge, we arrive at Galerkin vectors
v with only one non-zero x, - component, arranged in the form

V(X)) = a,(K)e ™ + B (k)x,e™" (7

P.N. B. ANONGBA



6 Rev. Ivoir. Sci. Technol., 30 (2017) 1 - 36

under the condition k * = k’ + k. +k, = 0 that ensures the biharmonicity of v,.
For v, to cancel far from the interface, we write

k, = k™ = (=1)" Mk + k] (8)

with - m =1 when «x, > ¢ sin « x,(half-space 1) and m =2 when
x, < £ sin «_x, (half-space 2). We use the notations

—(m) (m) —(m — T (m “(m T (m .
k'™ = (k. k" k) a, ™ =a, k™), g™ = B (k™)

hence for half-space 1 (x, > &_sin «_x, ), solid (1)

ik ® % ik x

V() =V, P () = @, Pe™ w5,V e
and for half-space 2 (x, < &, sin «x, ), solid (2)

- (2) , — —(2) _ik® % —(2) ik @ 3
V (x)=V, 7 (X)=a, e + B, x,e

The elastic fields corresponding to v, (7) may be first calculated; then, more
general forms ¢™¥ and (-)™" are constructed from the previous ones by
superposition over k, and k, ; we may write

J(m)v (m)A + —~(m)B _ LT(m)AJfB

e eut s 9)

(o_)(m)v _ (O_)(m)A 4 (o_)(m)B _ (O_)(m)A+B

where terms with A and B refer to o, and ,B_l in (7) respectively. For ¢ ™" and
()™ to conform with ¢~ and (s)™~, the summation over k, Is
continuous and that over «_ is discrete. k, takes three values: - « , 0, « . The
fields corresponding to k, - o are denoted ™" and (o) ™", and terms
associated with k, = —«_ and «_  are merged to form expressions denoted by
a ™Y and (o)™ ™" ; this is made possible by requiring that

()= —a " (x)y B (k) =B (k) (10)
In (10), a " («,) stands for o (k,, k™, x ). We write

l](m)V (0)(m)Vv +lIA"(m)V

" (1)

(m)v (0)(m)V A, (m)V
(o) = (o) + (o)
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introducing subsequently the notation ¢ ©™* | gA-(m* Goxms - game ang
even for the stress. ¢ ™" and (o) ™" are x, - independent; o and

(c)™™" are proportional to the sinusoid a_(x,) or to its spatial derivative
oA, 1 ox,. Here also, for points p_on the interface, ac’ and (ao)* are
expanded up to terms of first order with respect to x, = ¢ in a similar manner
as in (A.2) (see Appendix A) for ai~and (ac)~. Requiring ag¥ = ac” and
(rs) = (ao)” lead to the following equations, writing first the conditions
corresponding to k, = o (i.e. au/™ = au®” and Ao = A5 \"").

)

Aul(o)v = Aul(o)w
—(2) — (1) o (2) o (1)
a a 1-v 1-v

I ol WO (ST VXA TR @
Hy Hy Hy Hy
—(2) —(1) 5 (2) o () .
a a (5-4v,)p (5-4v,)p ibC  sgn( k)

||(1| 1 + 2 + 2 1 _ P - 1 (b)
My Hy M, Hy 4z Kk

Au;0)V _ Au;o)w
—(2) —(1) o (2) o (1) :
a a Y3 B ibC | sgn( k,)

|k1| 1 it N 1 £ _ - 1 (C)
Mo oo Hy Mo o Hy 4r ok
—(2) —(1) o (2) PyEh)
o o

e e e ©)
Hy Hy Hy Hy

Aol = A =

|k1|(a_1(2) - a_l(l))+ 2(2 - Vz)ﬁl(Z) +2(2 - Vl)ﬂl(l) =0 (e)

2 a. 2 - k
|k1|(a1(2) + 0‘1(1))+ 5-2v,)B," - (5-2v))B" =-6Q, M (f)
kl
AO‘;;J)V = Ao‘,;;))oc =
|k1|(0‘_1(2) - a_1(l))+ 2(1- Vz)ﬂ_l(z) + 2(1—v1)ﬂ_1(1) =0 (g)
—(2) —1) o (2) are)) sgn( kl) h
|k1|(0!1 +a, )+(3—2vz)ﬂl -(3-2v,))p, :_szk—z ( )

1
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Aoy =Arcl)" =
VzﬁTlu) 4 Vlﬂ_l(l) -0 (I)
_ _ k '
Vzﬂl(z) —Vlﬁl(l) _ —ZQC son( : 1) (J)
kl
A51(20)v _ AO'I(ZD)OC - (h) and (e) above (12)

where ¢ =bu, /27(1-v,_),Q, =i(C,-C,)/4,Q, =i(v,C,-v,C)/4,;
son( k,) = k, /|k,|; «, and v are shear modulus and Poisson's ratio. In equations

(12 a to j) above, z ™and p™ stand for a (k. k" k,=0) and
B,(k, k™ k, =0), respectively. Other elastic field components are zero. The

A, AV

]l

A o
= AO'”"

conditions corresponding to au™ = au” and ao, are now listed as :

Au," = Au," =

—(2) —(1) o (2) e
o e N e
My
2

Ha Hs Hy

b & Kk (k2 +2x7)

= ) 2\3/2 (a)
87 (k) +x))
—(2) @) 5 (2)
k12 k12+1c:[al +0!1 ]+ﬂl [(5—4v2)k12+4(1—v2)1(:]
Hy Hy Hy
2 : g (b)
- ——[5-4v )k, +4(1-v )k |=0
Hy
AuM = AuzA"w =
[ —(2) —(1) 5 (2) o (1)
k) +x” S N ]+ﬁ1 _ A =0 (©
Hy Hy Hy Hy
( —(2) —(1) ~(2) @) 2 2
ey [N ]+2[ﬁ1 2 ]__bcvgn (3k; 2+ 2;(2) d)
M, Hy u, Hy 87 Kk, (k)+x))
Au = Aau"” = (c) above and
071(2) 7071(1) _7va§n (k12+2KnZ) (e)

“, H, 87k (k+x2)"

n
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AV
11

k(@™ —a )+ 24k + k] [(2-v,)8,2 +@-v)p"]
iQ,& k, (3k, + 4x])

- (klz +K2)3/2

n

A o
Ao =Aoc,," =

—2)  —w g »
Kk 4wl (@@ a @)+ [5-2v, )k + 22 - v, ) 18,

1 1

“ls-2v ki 22-v)e]p " =0

Ao

AV
Ao, =Aoc,) =

el @ - e ola-v )i+ a-v ]

L I£,(Q,k; +2Q.x,)
(k" xc)

K2+ w2 (@®va®)r@-2v)p P -3-2v)p2 =0

AV
Ao,

Ao
= AO'33 =

A E N S VRV
ié:n {k12 [ZQcklz + (4Qc B Qb)KnZ]+ ZQCK:}

k (k> +x2)"

n

2 2 2 (—(2) —(1) 2 21, (2)
KAk + K, (al +a, )+ [2\/2k1 + 1+ 2V2)Kn]ﬁl

- [21/1k12 + 1+ ZVI)K:]ﬂ_l(l) =0

Aalz = A0‘12 =
Kk + w2 (@® +a, )+ [3-2v k2 + 2@ -v, k2],

a2 )kZ+20-v)cZ]g® =0
[(3-2v)k + 20— vk ]B,

kl2 Vklz + K: (071(2) _a_l(l))"' 2[(2 _Vz)k12 + (1—1/2)1(:],3_1(2)
@ _ iQ bénkl(Sklz + ZK:)

2 2
k, +«
n

+ 2[(2 vk + (1—"1)’(:]51

AV
13

- Ao/ = (I) above and

Ao 13
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ko™ =@ @) 2k v el [a-v,) 87+ a-v) ]
iQ,& k, (k) +2K7)
__ 9 (n)

(k2+1<2)3/2

1 n

AV A,
Ao, =Ac,] =

N N A A (0)

kvl @ - )+ 2[5+ 5,7]

1

iz [(2Q, + Q,)k? +2Q 7]
— _ n c b 1 cn 13
(o x) (P) (13)

Next, we are concerned with satisfying boundary conditions : (12) leads to the
displacement and stress fields due to an interface straight edge dislocation

(b, = (b,0,0)) parallel to thex, - direction at the origin; the interface is the
ox ,x, — plane. (13) provides the complementary terms (to first order in ¢ ) in
the elastic fields of an interfacial sinusoidal climb-type edge dislocation.

11 - CALCULATION RESULTS

I11-1. Displacement and stress fields of an interface straight edge
dislocation

Four distinct couples of values for (o™, ™) are extracted from (12). These
are (j=atod):

m ~m Sgn( k) T (m
M =g Sl g (14)
k
1
where
—(m IDva :(m)
a( ' = 4 ) ﬂa =0 ’
—b(m) _ (5 - 6Vm)Qb ,B:b(m) ( l)m—l 3Qb ’
4 4
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_ i — ~(m m— Qc
—(m) i(lchm 'IJZQC S + /uch S + (9 8Vm)ch’ ﬂc( )= (_1) 1_’

c m2 ml
2 2 MV MoV, Vi Vi
—., 1(ic.D 0 o) 30 ~m o«
d( ) _ v m_ HL §m2 _ H, L 5m1 + c ﬂ ﬂ (15)
2 2 MV MV, Vo

where s is the Kronecker deltaand D, =bu, /27 =C_ (1-v,). The couples
(a,", ﬂl(]””), j=a to d, are obtained from (12a to d) associated with the
displacement, (12 e to h) associated with stresses, (12 a, b, i, j) and (12 c, d, i, J),
respectively. None of these values satisfies the entire (12). The associated
elastic fields denoted ¢ " and (o). . . are displayed below. A superposition

a tod ato d

of these partial fields will provide the complete form of the solution. We have
at position x = (x,, x,, x,) (¢ ™Y = g™ (o) MY < (o)™ | j=ato d):

J

e ™ v n"aa-v E ") ok B xx

ul(?)(mw — tan 1 + 122 y
Mo L
(o)m)v i i In |X |5 (x,) - i "2
uzj - 1% A 2 2 !
Hm Hm r

11

—(m m :m X

o MY 2i(aj( "r-p"2@2-v,)p ™ —§+ﬂ5(x1)5A(x2))
\r J

2

2|,6' ' (x -X,)

4 ’
r

—(m m :m X
oy :—Zi(aj( P -n"2a-v,)8 " —§+7[5(X1)5A(X2))
Lr )

2

T m)
2iB xz(xl2 - X,)

)
4

r

33 j

o DMV ()" av ip (”’( L+ 78 (x,)8 , (X, )W
r

m - m=m _m X - X
o mY :2|((—l) a!m+@B-2v ) ){—:+(J1——;)5A(xz)}
r r

. (—1)m4i;(m)sgn( X2) XX, : (16)

4
r

J, = [sin kx,dk,
0

Here, sgn( xi)=xi/|xi|, s(x, is the Dirac delta function ands, has the
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following definition: s,(x,) =0 when x, =0 and s,(x,) =1when x, =0;
r’ = x7 + x2. Constant terms are omitted in the displacement. The other elastic

fields are zero. We define the elastic fields v ™ (x) and (o)™ (x) of an
interface straight edge dislocation as

J(O)(m) _ l3(0)(m)0o _ l](0)(m)W

(0)(m) (0)(m)oo (0)(m)wW
(o) = (o) ~ (o) (17)
with

- (0)(m)w (m) = (0)(m)V
u = 20y
j=a to d

(O_)(O)(m)W _ Z njm)(o_)(.o)(m)v ) (18)

J
j=a to d

Again ™~ and (c)®™" are due to a straight edgeb, = (b.0,0) parallel to
the x, - direction at the origin in an infinite medium (see [7] for example);

—~ (0)(m)V

u and (o)

atod

(0)(m)Vv
atod

are given in (16). » " are real, to be determined by the

atod

condition that the elastic fields satisfy the following relations :
o 0™ (x)and (o)™ (x) are continuous when crossing the Ox ,x, — plane.

o fau 2m _ 1y for a closed contour 1 in x,x, encircling the dislocation.
"

e (™" vanishes far from the interface (i.e. when |x,| > = ).

It is easy to show that the second condition above correspond to u "™ constant
with m on the interface. All the stresses involved in (¢)®™* and (o)™

atod
vanish at infinity. Under such conditions, u*™ (x) and (& )“*™ (x) correspond

to an interface straight edge dislocation. Next, we express the quantities
involved in the above-mentioned requirements and proceed to satisfy these.

(0)(1)(

u,

(0)2)
X, X, =0,%x;)=u, (x,,x, =0,%x;) =

1 Y=oy m .
_{ZUE ‘a [ )+4(1—vm)e7(m)J=el,
My i

0)(1 0)(2
u()()_u()()

2 2

L [C (2v —1)—2i(—1)'"|— (m) & (oxm —l]= :
m m |Z77] @ +e7(m)| =€,
Y27 L J

(0)(1) (0)(2)
(e

11 11
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> ﬂfm)a_J(O)(m) 1 2(2-v_ )e,(m)=¢,;

i
(0)1) _ (0)(2)
22 =0
(m)==(0)(m) .
> a +2(1-v )e,(m)=e,,
i

(0)(1) (0)(2)
=0

33 33

v, e, (m)=e,,

(0)(1) (0)(2)
12 =05
c, - 2i(—1)m[z nﬁm’azj“”(”’ +(3- 2vm)e7(m)] =e, (19)
]
where

m (m) 5 (0)(m)
(_l) ZUJ ﬂj Ee7(m)'
i

Here, the subscript j takes the values a to d. The continuity of an elastic field
requires associated e, constant with m at the crossing of the interface. The
additional condition, ¢ "™ tends to i "™~ when|x,| > « = , corresponds to
vanishing g ©™" (x) far from the interface. This gives

g O %y vanishes When|x2| Bl

(0)(m)w
2

:—ie7(m)/ym:O. (20)

This condition is due to the x, - component of the displacement g ©™" (x)
only; the other x, - component tends to zero. Because e, (m) is a constant in
medium (m), imposing its value to be identically zero is not mandatory; elastic
displacements, differing only by a constant, are admissible in elasticity.
Instead, we shall choose a value to e, (m) that ensures strongest continuity of
the elastic fields at the crossing of the interface. We have checked that
e, (m) = 0 leads to poor continuity (i.e. only a restricted number of elastic field
components, u!”*" and o,"*"’, are continuous when crossing the interface). A
best continuity behaviour of the elastic fields at the interface is presented as
follows. The relative volume variation(av /v )™ at arbitrary position
(x,,0,x,) Is obtained to be

P.N. B. ANONGBA
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(0)(m)

{—} (x,,0,x,) = =276 (x)iv (21)

1-2
V © _ —me7(m) B (1—2vm)iu ;0)(m)w (X1,OO,X3) .

It has a singularity given by the Dirac delta functions (x,) . We demand v ' to
be constant with m = 1 and 2; this gives a value to e, (m) that is m dependent.
We have

e, (2) :rl—Zvl (22)
e, (1) 1-2v,

where r = u, / 4, . The expressions for e, (m) and e, (m) in (19)

are merged to read

C. -2i(-1)"u, [e,(m)y-v ]=e (m). (23)

We seek continuity of the elastic fields on the interface, hence we impose
e,(m)and e, (m) to be constant with m; this leads, with the help of (23), to

_ #,C, —u,C,
6 1

Hy— My

e

e, - G0 o (24)

' 2(/41_#2)

These expressions are unchanged by inverting the elastic constants. We isolate

3 7 Ma ™ with the expression for e, in (19) and obtain

j

5 n(Ma XM _ iu, (C, -C)) B-2v,)u, v (@, (25)
i ] ] 2(/12_#1) 1-2v, "

Introducing (25) in the expression for e, (m) in (19) and imposing e, (m) to be
constant with m, provide a value to v * in the form

ib(1-2v,)(1-2v,) (26)
8z (l-v, )(1-v),)

0
v© _ _

R
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This relation is unchanged by inverting the elastic constants. The other elastic

parameters are obtained as

b 4ifu,@-v,)1-2v,)— u,A—v,)(1-2v,)]
- +

e — _ v (@,
’ z @ - 2v,)(1-2v,)( 1, — u,) i
e (m) = ig,(C,-C)) My VR(O)’
2(p, —p,)  1-2v,
c,-C
eA(m)_ Ium( 2 1)_ Hn VR(U),
2(/’12 7#1) 172Vm
es(m) _ ﬁ\/;o) . (27)
1-2v
The continuities at the interface of u ™™, ™™ ™ and (av /v )™ are
1 2 12

achieved. The elastic fields, at positionx = (x,, x,, x,

), are:

n b X X X, X C e 1 .
u" = —tan e, tan e 2R oy (- ——iv [
27 X, k| 2a, 1-2v,
1-2v,)C c,-C 1-v
u;”(”:——( DG r—2ln|x1|5A(x2){ At E L iVR(O)]
2#1 4(#2_ﬂ1) 1_2V1
2
X C 1
+ = +——iv. 7,
r 2pu, 1-2v,
2 2
X, (X, +3x.) (x W
(0)(m) .
= —C e R 25 (X)), (X,) [2ie (M)
r Lr J
2 2
X, (X, = X " N .
+ 2(14 2)(—1) ~ 2iv [,
r 1-2v,
2 2 5 (0)
m X, (X —x)|— m A, 21V 1 X .
B =t c s (- R +(—§+na(xl)aA(xz)\me‘t(m),
r 1-2v Lr )
(0)(m) X5 (xz VMo o, 0
o = —2v C, L —| 24 25(x,)5,(x ))—mv ,
33 rz Krz 1 A 2 jlfzvm R
0)(1 Xy )(127)(22 Xy 1 Xy 1(027C1)
1(2)():C1¥_(7z+(‘]1_7)5;\(x2))ﬂ7
r Lr r Jom, = uy
2
X, X
—sgn( x,) = aa 4iv
r 1-2v

1
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(0)(m)

AV 1-2v
0 0 0
m ( (0)(m) oxmy )(m))

k v ) 2(1+Vm)/lm 11 22 33
2 2
X, (X, — X
z( 14 2)(71)m

r 1+v,

2iv

X
- J—§+ w5 ()5, (x,) |2V 2+
r J

S @-2v,)c, X, (28)

2
H o r

Corresponding expressions for half-space m = 2 are obtained by inverting the
elastic constants. The relations between e, (m)and v [ are taken from relations

(21) and (27); the value of v is given by (26). Other elastic fields are zero.
Dirac delta function s(x,)is present in o ™ (x,,0,x,)(i=1 to 3) and
(av /v)™ “on the interface. The only stress component with a singularity
1/x,on the interface is o ;™.

111-2. Elastic fields of an interface climb-type sinusoidal edge dislocation

Five values for (a.™ (x,), 5, (x,) ) are extracted from (13); these are

£ [ (m PR
—(m) n'la n _ A (M) T(m) AL (m) .
a) a, = 1+ =a, y B =0=p" ;
\/ 2 2 k2 + &’
k1 k1 + K, 1 n
(m) 2,(m) 2 (m)
b) —(m) _ Sl (m) K1y, L IS = (m)
a, - I2b + - ~ =a,, y
2 2 k2+x? KP4+ Q «’
k vk, + &) 1 n 1 1K,

_ 1 Q _
(m) (m) 1b _ A (m) .
B, =&t k, - ~ ;| = B y
1K

2 2 2
kK, +x, k) +Q

B I(m) KZ - .
C) al(m) _ gn ic 1— 2Vm - — n ~|= a1CAn( )
K,k + ) ky +x,
—m Q. K —a
p" = - =—=2—=p ™ independent of m;

2 k] +x,

1

I(m) Zl(m)
d —(m) ‘fn 1d (m) Kolsg _ —A(m)
) am o= ym_ Eese |2

1 2d 2 2 1d 1
[k 2 2 k. + «
kl kl +K'n 1 n
g™ _ g M K _ o A(m)
ﬂl - én 1d 2 2 — Fd 1
k, + x|

5 I(m)k I(m) I(m) I(m)

e) oT(m) _ nle 1 2e " 3e 4e
1 2 2 kZ r* 2 k2 r* 2 k2 r* 2
k1 +Kn 1 LK, 1 —h K, 1 Ky
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k2 + & k. '
ﬂ_(m) ignkl tl(em) Qb ﬂ_A (m) (29)
= - + = "
' 2 k2 —r'x’ k12+1<2 e
where
M = (-1)" tu bC /167 ,C, =[iN1-v,)) —1(1-v,)], r=-v )lv,,
P, =V ,+v, S, Qu=40-v)A-v,)/[A-v)A-2v,)+ (@-v,)N1-2v)];

1M = "™ /4(1—v1)(1—v2)(1—é1b),

1™ —@a-a ), -v,)0, + (D" 4@ -v)1-v,)(1+20 )],

1M = (1) "4y )L -v,)(1-Q ) - (v, - v,)Q,,,

1™ =02 (-8 -v,)1-v,)1-Q,) - (v, -v,)Q, ],

tm =20, @-p "

1M = (-1)"iQ, /2

1 = (-0l 2v,@-v)+v,@-v,)],

Ly’ =Q.(4-3p, —v, -2l @-v)+v,A-v,)])-Q,[v,@-v) +v,a-v,)],
i’ =Q.(4-3p, v, -2)-Q,[v,@-v)+v,a-v,)],

ty = (1D""2Q.A- p N

1™ =~ i, 1M =5 Iv,)]Q, -Q, (1+1)],
1" =5, 1v)[Q, - Q, (1+ )], 1 =<5/vm>[Qc—Qb/<1+rm>],
' = @iv )Q, -Q, (1+r))]. (30)

None of these couples satisfies the entire conditions (13). For each couple, we
give in Appendix B the associated oscillating elastic fields
gAY —grmA g grmeand (o) MY = (o)™ 4 (o)™ ™® defined in (11).
A superposition of these partial fields will provide the complete form of
solution (to first order in¢ ). The elastic fields v (x) and (o)™ (x) of an

interface sinusoidal edge dislocation may be written as
G o GOm G Am)

(@)™ = (@) "+ ()" (31)

a @™ and (o)™ (28) correspond to the fields of a straight edge dislocation

P.N. B. ANONGBA
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lying on a planar interface; ¢*™ and (s)*™ are oscillating expressions
proportional to either the sinusoid A (x,) or its spatial derivative oA, /ox,in
the forms

— A (m) A, (m)oeo JAn(m)W

T - (32)

A, (m) A, (m)o A, (m)wW
(o) = (o) - (o)

with

—~ A, (m)W A (m)—=A (m)V
u = 2 n"

(@)™ = S e (33)

u ™" and (o) (™" are given in Appendix B (for u* ™ and (o )" ™", see [7])

a to e

n ™ are real to be determined by the requirement that the elastic fields be

continuous when crossing the interface. It is sufficient to write this condition
for points on the average interface plane. Before displaying the corresponding
equations, we stress what follows.

e Both u"™(x,,0,x,)and o™ (x,,0,x,) contain terms with singularity

1/x, only; the associated coefficients e and e, respectively, have
been taken constant.

o u"™(x,,0,%x,), o, " (x,0,x,)and (x,,0,x,) are bounded
functions. Under such conditions, we have considered their linear forms
with respect to x, and posed the terms proportional to x, constant with
m=1 and 2.

o oMM (x,0,%), o™ (x,0,x,) and o™ (x,,0,x,) have terms with

A, (m)

singularities 1/x’ andin |x,|; the associated coefficients (e e’ and
esr)and (e, es and e, ), respectively, have been set constant.
o u}™(x,0,x,) contains a term with the singularity n|x,|only. The

assouated coefficients e is taken constant.

We may write :

A(”(x 0, X)—UA(Z)

(x,0,x,) =

P.N. B. ANONGBA
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A(m

. @-2v ) -pma™ -y a1 s e -y M a- )]

Hn
A, (m)

+n 4™ @E-2v )-7n

MO L ey a@ -y )]

1d 2d
A,

A (N [ —IEZ)—ZQb+4QC]+(—1>”*i @-v )t'" +Q,))=e

A AL(2)
2 2

1 m m ~
{ Anm) (_qym 2|(m) 77A( >2[( ™1 (m)(l(m)*|(m))+t$)(gfb*1)]

3b 4
ﬂm

A(M)Z[( H" Y (™) m)_t(m)]

1d 3d 1d

A, (m) (m) (m) * (m) * (m) * (m) * n "
w20 e e 1M +2Q,1+i(Q, —t™r))l=el;

A AL(2)
3 = U3 =
—{c, a-2v )+ Ma™ g2 ™a M ey MM a™ @ - 2v )
ﬂm
(m) m m (m) m m m m n

MU AT w1 -1 - 2Q, +4Q ) ="
A A(2)

11 - 11

Ay (m) (m) (m) (m) (m) (m)
3C, —pmMam _pyh 4[| —1)"2(2-v, )1-0,,)]
A, (m) (m) (m) (m)

™21 4[| -n"22-v,)]

A (m)

-l 4(|“”’[|“" +|‘“”—|§2”—sz+400]+(—1) i2-v )t +Q,))= e

e
—c, gl 2[|(m) 1™ ™My s )" 22 - v )1 - Q)]

—p MMy MMt My M ey 22 - v )]

C

+p (“)2(|‘””’[|("”(1— r, )+|“”)(1—r*)

e

S @-r)-4Q, +4Q 1+i(-D" 2 -v XQ, -t ))=el;

A, Q1) A, (2)

22 =0y =
-c, +n“""4|("” A M o —y y1-0)]
—p ™M 4[| " 2@ -y, )]

+77:‘"‘””’ ((”“’[l””) |3‘g”)—|jr")—2Qb+4Q 1+ ()" i@ -v Nt +Q,))=el,
c, (1-2v, )+77A"(m)4|“”+;7 m’4[|(m) ™ 1™y s "2 - v )l -1)]

A, (m)

i ™A a2y Yy al M m T2 -y )]

+77A"(m) ((m)[l(m) ('") _I(m) m+2Q ]+I( 1) (1—\/ )(Qb (m) *))EeA";

e 3 1e m 52
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A A(2)

33 - Y3 =

v.CornlMat 0"ty @-a )+ ar 1M

A

w0 Mat )"y e M 2i-n"y (1 4 Q) =6,

cm+na“"‘m)4|‘m) ””’4[|‘m’ ™ L (-1) tfbm)zv Q2 -1)]
m) (m) Aq m (m)
ol ™Mam gy 4[|ld 1 -1n""2v |

A, (m) m m m m m)e* not
) 4(I1‘e)[I;HI;)—IJE’—ZQ +4Q.1+i(-1)"v (Q, - tr))=el;

(m) A( (m) .y (m) ()1/2
=121 g M2 (MM M e )

3b

(m) 3/2 5/2
t"-1-20-v )+ (3-2v, )le 1)

A, () mL(m) ¢ Ay () me1 e m LA
1 [( 1) 1d 3d ]+ 'Qb[l+ (-1 4'|1e ]=e7 ’
A, (1) A, (2)
13 0-13 =
-c, +77“m’4|<m)+77“m>4[|<"“’ 1™ ™" 2@ -v, W1- Q)]
A, (m) m) (m) m) (m) m
gl Al ™ )" 2@-v )]

tpihMy ((m)[l(m)+l(m) |§j)+2Qb—4QC]+(—1)"”i(1—vm)(tl‘e +Q,))=¢’

e

A1) Aq(2)
23 - Y3 =
A (m) A, (m)

" 21 g M2l Al 1y S @) - 1]
+ A(m)z[( 1)m -1 (m) (m )_t(m)]

1d 3d 1d

(D 20 ™ e e 1 2Q,1+1(Q, —tMr))=el . (34)

3e 1 le 9

All e (m) are constant with m=1and 2 (i.e. ¢/ (1) = e/ (2) ).We seek values
for ") that provide continuity at the interface for the largest number of the

A, (m)

elastic field components u ™ and o . We shall proceed in a manner like

that for u/”*™ and o " in Section 3. 1 Restricting ourselves to terms that are
singular, the trace T, (0)’*"“") of the stress matrix (o )* ™ takes the form

s 0T,
+ ot (m) (35)

n"R2
ol.|

An(m) A,
T, (o) (x,,0,x,)=A [ t.](m)
6Ile
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With
A 1 A A A
t2(m)=—(el (m)+el (m)+2el (m));
2
A 1 A A A
to(m) = —(2e/ (m)+ el (m)—el (m)):
2

The associated oscillating part of the relative volume variation (av /v )* ™
position (x,,0,x,) has the same form (35) with similar coefficients

a-2v )

Ve (m) = ————"—t i (m)
2A+v du,

v A (m) = @a-2v,) ¢ (m) - (36)
2L +v du,

Several relations, interconnecting the e (m) and » (™, are involved in the
procedure under way; these are (by using (34))

A 1-2 n A A 1-2 m A A .

Vm"(m):Q{eﬂ"(m)—ymel”(m)}zQ{el"(m)+e3“(m)}, @)
4v _u 8(l-v,)
2

el (m) = =22y~ (m) ] (b)
1—2vm

A A 4u A .

e, (m)=—-e, (m)+ =V, " (m) (C)

1—21/"1
es (m)-e,(m)=n""(-1)""4i(2Q, - Q,) ; (d)

Aq Aq Aq Ay Ap (m) A, (m)
eg (m)_e7 (m):;umez (m)_e7 (m):ne wg(m)+77b ZD'b(m),

ZUe(m):i_(Qb[rz*é‘m1+r1*5m2_3rnj]_Qc[6m1r2 lv,+6, rl*/vl_srnj/‘/m])’
2

7, (m)=1"20- "0 (4@ -v,)1-v,)(2+ Q%)
—[2+3(v1+v2)—4v1v2]91b); (e)
1-2v
n n m (m) m- m
VA m)y+v.A(m) = - : (2 ™aa, a-a, )-1" "t
Mo
w2 ™y ) ()
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A 1-2v, m, (m) A(m (m)
v.i(m) = C, -n> ™ En"tmaa-a,)+p M all
2u
—p M a-n"y "2i-)" (1t +Q,)). @ (37

We impose the relative volume variation to be continuous at the crossing of the
interface implying that v (36) are constant with m=1 and 2. This provides

Rland 2

valuesto t ., (m) thatare m-dependent. Using (36) and (37 a, b, c) under e
also constant with m, we obtain successively

o gy, (L-2v,)er (2) — u,v,(@-2v,)e, (1)

lu1luz(V1 _Vz)

g o2 2v)lel Wu, el 2]

4'ul/uz(vl _Vz)

o 1+v,)+0 1+v
t:;(m): 2 mZ/'lZ( 2) mlﬂl( 1)VRA;n’
6,,01-2v,)+06_ ,(1-2v))
eA"(m)— 2vm[5m2,u2(1+vz)+§ml,ul(l+ Vl)]VA"
o A+v No.,a-2v,)+s (A-2v)]

ek (m) = e (m) 4[5 u,Q+v,)+ 8 u,A+v)] v (38)
@+v )No,,A-2v,)+5 ,1-2v,)]

These expressions depend on e/’ (1) ande,’ (2) ; e, and v are unchanged by
inverting the elastic constants, as requwed The onIy oscillating stress that has
a singularity 1/x,at (x,,0,x,) is o3 ; hence, this stress contributes a non-zero

value to the crack extension force when a non-planar interface crack (see Figure 1) is
subjected to general loading (this will be the subject of part Il of our study).

Consequently, we demand & " to be continuous at the interface; this requires the

13’

associated coefficient e, (34) to be constant with m=1 and 2. Inspection of (37 d)

A, (m)

tells us that taking 7 =0 leadstoe," (m) = e, (m), an expression of which is
displayed in (38). Imposing e, (m) = e’ (m) constant opens the possibility to find
a relation between e (1) and e’ (2) . In this way, we find

€. (2)_ e, (1)/12[”1(17V17V2)7ﬂ2(172V1)]' (39)
#1[/"2(17"1 -v,)—u, Q- 2V2)]
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Further progression comes from (37 e). It tells us that first e, (m) = x_e,"(m)

and second e, (m) =e’" (m); to see this, it is sufficient to write down three

equations corresponding successively to m=1 and 2, and (third) the one that
results from the inversion of the elastic constants in equation for m=1;

summing, member by member, the two last equations yields e." (2) = e, (2)
and in like manner e, (1) = e (1) . Furthermore, we work with the value zero

A

for », this implies that » must be zero. A link between v and v ;

emerges from (37 f). Hence, we write

em(m) = e (m) = u ;" (m),

A, (m) A, (m)

. =0= 7, =0,

A, A,
Ves = Ve, - (40)
Under » and 5 equal to zero, we have the following relation :

—2u Vi myL-2v )+ M alm ™ e 1My st 2@ -y, )]

—e,"(m)+2(=1)" e (m). (41)

It remains to find values to e, (1) and e (m). This can be done by providing

first a value to » [~ ; for this purpose, we use (37 g) in which » ™ =0 (5
and 5 are equally zero from (40)) and obtain
dAn(m):Vl(l_Vz)"'Vz(l_Vl) (7l)m—1 Cmf 2'um VR‘;H . (42)
(V1C1_V2C2)(1_pm) 1-2v,

Introducing this value in (41) and imposing e, (m) (asalso e," ) to be constant
with m=1 and 2 yields a value to e’ (1) in the form

el () = M Cu) (43)
De (e“”)

with
Nu (e.) = 2u,[u,0-2v,)—pu,@-v,-v,)}{2Q.@-v X1-v,)(C,-C,)
-Q,[v,a-v,)+v,@-v)lc,a-v)-c,@-v,)l},

De (e, ) = (4, — #,)1Q, A —v, )1-v,)|u,(1-2v,) - u,(1-2v))]
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-Q, v, a-v,)+v,@-v) e, @-v)A-2v,) - u,@A-v,)1-2v)]}.

Using (43) and (39), (38) provides values

VRA;" = = (VRAln) = _VRAZH (44)
De (V.,")
with

Nu (Vo) = (@-2v,)(1-2v,){2Q @-v,)M(1-v,)(C,-C,)
—Qb[Vl(l—Vz)+V2(1—V1)][C1(1—V1)— Cz(l—vz)]},

De (V') =2{Q . A-v,)L-v)[u,@-2v,)— u,@-2v,)]
-Q, v,a-v)+v,@-v ) e, @-v)A-2v,) - u,A-v,)1-2v)]};

et =ey = T (%) (45)
De (esA")
With

Nu (e,") = Zylyz[(l— 2v, ) (1-2v,) - (1-v, —vz)z]{ZQc(l—vl)(l—vz)(Cl -C,)
-Q,[v,a-v,)+v,@-vplc,a-v)-c,@-v,)l},

De (e,") = (v, —v,)(u, — u,){Q. Q- v ) L-v ) [u,A-2v,) - u, (- 2v,)]
-Q, v, a-v,)+v,@-v) e, @-v)A-2v,) - u,@d-v,)1-2v)]}.

These values are unchanged by inverting the elastic constants, as expected. The
associated e, and e,"(m) are

A

0 A, 2
oM oM yme:"(m) _ & +VRl [ﬂ1[cz(_‘/1+ 2v,v, —VZ)+V2(1—V1)C1]
2 @-v,)(1-2v )v,C,-v,C))

7 9

+yz[Cl(—vz+2vlv2—v12)+v1(1—v2)C2]]_ v,-v, [Cl[C2(1—2v2)+C1]

Q-v,)1-2v,)(v,C, -Vv,C)) v,C,-v,C, 41-v,)
+cz[cl(1—2v1)+cz]) (46)
41-v))

Beginning with five parameters » "> | only survive » ™ and, ™ ; the

atoe !

others are zero. Using (34), we have
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Ay (m) (eAn A (m)z[( )" SLpmypmy o (m) ) . (47)

7 1d 3d 1d

- (1" 2|““

Here, ™ and e are given by (42) and (46). With » ™ (47) andy, ™
(42), the elastic fields ¢~ and (o)* ™ (32) are completely determined, thus
providing the elastic fields ™ (x) and (o)™ (x)(31) of an interface
sinusoidal climb-type edge dislocation.

IV - DISCUSSION

In the present study, we considered two welded infinitely extended elastic
media S1 and S2 (Figure 2), with an interface S having the form of a corrugated
sheet. We have considered a sinusoidal dislocation running indefinitely on this

surface and have studied the elastic displacement and stress fields (u " (x) and

(6)™(x)) produced in the surrounding media. The elastic fields are

decomposed individually, in the linear approximation with respect to the
amplitude of the sinusoid, into two terms. The first terms correspond to the

elastic fields (u“*™ (x) and (o)™ (x)) of a straight dislocation on a flat
interface and the second ones (u*‘™ and(s)*‘™) constitute an oscillating
part, proportional to the sinusoid or to its spatial derivative with respect to the
direction where the dislocation runs. We left with an initial vision that the
elastic fields are continuous at the crossing of the interface and join those of a
sinusoidal dislocation in a homogeneous infinite medium, far from the
interface. In Section 3.1, expressions (28) for u ™ (x) and(s)*™ (x) have
been obtained. The result is that in order to ensure the continuity of the elastic
fields at the crossing of the interface, the relative variation of volume at the

interface (av /v )™ exhibits a spatial dependence proportional to the delta

function of Diracs (x,) , with a coefficient of proportionality (-2xiv ) (26),

well-defined, dependent on the Poisson ratios and which remains unchanged at
the crossing of the interface. In addition, the following result holds

M (x 0, x,) + b@-2v,)A-2v,) ) (48)
8z (l-2v J1-v )(1-v,)

u™ (x 0, x,) = ul

In other words, under conditions of continuity at the interface, the displacement
componentu ;™™ (far from the interface) differs from that of a straight

dislocation u{”™~in an infinitely extended homogeneous medium. The
difference observed is constant, well defined, depends on the Poisson ratios of
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the two media and changes from medium S1 to medium S2. Moreover, this
difference is related to the relative variation of volume at the interface, in the
vicinity of dislocation. The properties which we have just described apply only
when the conditions of continuity are observed. In the contrary case, for

example if v = o, the expression of u '™ (28) is not constant with m=1 and
2 on the interface; as a result, u;™™ and u ™™ meet far from the interface.
The elastic fields o ™ and () * ™ are completely determined in Section 3.2,

thus providing the elastic fields o™ (x) and (o)™ (x) of an interface

sinusoidal climb-type edge dislocation. One may wonder if the proposed solution
is the best under condition of continuity of the elastic fields at the interface. The
answer is yes because it is not possible to increase the number of elastic field
components constant with m=1 and 2 at the interface. This is because relations

interconnecting the parameterse ™ (m) exist. The relation (37a) shows that if v
and e, are constant with m, then e/ (m) ande." (m) will depend on m; similarly,
e, (m) depends on mif v is constant with m, by the relation (37b). It will also
be noted that the relatione,” (m) = x_e," (m) (40) indicates that if e, is constant
with m then e."(m) depends on m. In our study, the constant oscillating elastic

A
1

A, (m) A, (m) A, (m) A (m)

a(m)
y (AV V) 1 O g L ¥ L K]

A A A
a(m) o ,.(m)and o a(m)

3 ! 11 33

fields with m at the interface are : u

and o "; the others u,"™, u are not.

V - CONCLUSION

This study considers two elastic solids S1 and S2, of infinite sizes, firmly
welded along a non-planar interface S having the form of a corrugated sheet
and provides expressions for the elastic fields (displacement and stress) of a
dislocation lying indefinitely on that interface in the sinusoidal direction with

a Burgers vector 5,, (Figure 2) perpendicular to its shape (climb-type
sinusoidal edge dislocation). The proposed solutions (v, (o)™ : Section 3)
are sums of terms (u "™, (o)™ ) corresponding to a straight interfacial edge
dislocation and (u*™, (o)*™) proportional to the sinusoid A (2) or its
spatial derivative oA _/ox,. It is shown that optimum continuity of the elastic

fields at the crossing of the interface is achieved when the relative variation of
volume is continuous at the interface and expressions of the elastic fields are
written under such conditions. The forthcoming work will deal with the crack-
tip stress and the crack extension force when a non-planar crack defined in
Section 1 (Figure 1) is loaded in mixed mode | +11 +I11 (work under way, part I11).
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APPENDIX A : DIFFERENCE OF THE VALUES OF ™~ AND (&)™~
(CLIMB-TYPE EDGE) WHEN CROSSING THE INTERFACE

Our purpose here is to write down the differences auv~ and (ao)” (4) on
crossing the interface at arbitrary point p_(x,, x, = &, sin «,x,, x,) . We use the
notation x, =¢ (& =¢ sin « x, Small) and take the MacLaurin series
expansions of the elastic fields up to terms of first order with respect to ¢ ; this
means that

— . oAU "
Au (X, X, = &,%X;) =AU (X,,0,x,)+ (x,,0,x,)& 1

oX

2

(Ao )™ (X0 X, = &%) = (Ao)™ (x,,0,x,) + “AT) (0, x)e - (A1)
OX

2

u™” and (o)™~ are taken from our previous works [7]. We obtain (u, is the i-
component of vector u and o the ij-element of the stress matrix (o) ; i, j= 1 to 3)

AU (XX, = &€,x,) = Au, 7w au M
Ao (%, X, =&,%x,) = Ao (0) +Aa”A°°

as

ibc | °
Aufo)” = _[ sgn( k )e “idk, &
8
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Nute A B }’ k(K2 +2x7) o g
1 n 3/2 1
87 (k2+K‘2)

- 1 n
Au;om _ bc v J- L |k1x1dk1,
8 7w|k1|
. bc T 3k’+2x’
AUZA" ——An v J’ 1 n klldklé:)
8z k12+K:
Aus(o)°c =0,
AUt - oA, bC k’+2x] g
- 372 1
Oxy 87 ., (k12+KnZ)
Ao = -6iQ, [ [k [e" dk
" k’ (3k + 4k ) Kox
Ao =2iQ A, j— e dk
2 3/2 1
Cw (k + K )
Ao )" =2iQ, j |k |e'k1x1dk
. T Quk +2Q k]
Ao ™ = —2iA [ S A=e—=te"Mdk ]
e k12+l(':
AclD” = -4iQ j [k, [e"dk &,
" k2Q +K(Q+4Q)+2QK‘ Kox
AGA" =4A [ ] kl ldk
33 2 3/2 1
Cw 2(k1 +Kn)
Ac” = -2Q, [ san( k,)e" " dk,
T3k 42k
A, 1 n ikyx;
Ao, = A 2Q, j kT — dk & ;
e kK, +x,
Ae®” — 0,
. OA kZ+2x°
Aoy = —22Q, [k, ———— ek,
2 2 3/2
6X3 - (kl +Kn)
Acl” —0,
0 2
not PPy [ BT QIK Y 20 iy (A2)
oxg -, (k2 +x2)
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where

C

v

[L/(1-v)-1/(1-v,)], Q,=i(C,-C))/4,
i(v,C,-v,C)/l4, C_ =bu 271~V ),

C

son( k,) = k, /|k,|; «, and v are shear modulus and Poisson's ratio.

APPENDIX B : PARTIAL OSCILLATING ELASTIC FIELDS
(CLIMB-TYPE EDGE)

The couple (&™), g™ is obtained from (13 a, b, ¢ and e) associated with
the displacement. We have at position x = (x,,x,,x,) (¢ =u>™"

a )
A, (m)V A, (Mm)V Y.
(o) = (o).

I(m)
A, (m)V _

Moo, , 1
(6, +0,) - + x|

A (6, +9, ol |
| Lol |

— |0, ——+ 5, + I,
6x ax

1 3

Ho

_5i2(_1)m71[|0 + K:l_ll]J )

m m ol oIl
O-i?an( " = 2An|1(a) (5 - ) : +(6i1 )Knlla+(5i3_§i2)Kr12 - )
olx, | olx, |
A, (m)V (m) m 0 ( 2 )
12a =2A 0, (1) — U+« 10,),

0X,

la j1 |
ox, | Mex | a|x|

r 1
Ay (m)V aizﬂm)( 0 om, +K,1 I, |+5j2(—1)m[|0 +annr]}; (B.1)

j3a

0 e(fl)m k12+/c:x2 w© e—q k +K, ‘Xz‘
ikyx ik, x.
M= ek, I o ¢k,
K, + 12K, kK, +2x,
” m f 2K
|o = I e(il) k12+’(:xzelk1X1dk1 = J‘ e_ kf“(nz‘xz‘ Ikldek _n : K1!
—o -0 r
w ( D"k +x2x, e kSl |x,]
_ |k xl _ |k1><1
I 3/2 J 3/2 dkl '
it i x?)
n n

Terms in brackets || are operators acting on A, and others, separately; m, is

the value of i, for z=1, r® = x? + x? and subscripts i=1 to 3 and j=1 and 2;
K ,[x] is the nth-order modified Bessel function usually so denoted and s is
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the Kronecker delta. We stress that the various integrations (such as in 1 _ and
11 ,) performed in the present study are given for spatial positions satisfying
the condition (-1)"x, <o (i.e.(-1)"* =son( x,)) With m =1 when
x, > & sin «_x,(half-space 1) and m = 2 when x, < ¢ sin «_ x, (half-space 2).
However, this makes no difference in the elastic fields to first order in ¢ . The
pair (a ™, p™)is obtained using (13 a to d) associated with the
dlsplacement. We have (using the similar notations)

m ~ ( (m) (m)
A (m)A |1(b) 0 ( (m)l 0 j[(l_le)lzb I ]H _|4b Héinl)
o - |
)

n = A ,
U1b n . ale n ' 3b 8|X2| [ 1_le

(m) -
up(Me = a0 o (—1)m4(1—vm)i[—nl+glbn- ]

i 0x, 6|x2| oo

= 2 272 .
_xz[(Q1b —1)I0 +KnH1—KanbH§lh]J,

A I( )
A, (m)A 2 2
u (M) _nilb ( ]) ( I( )H I( )1—[ )’

n 3b 1 n 4b Q
1b
Hm

(m)
uAn(m)B _ An 1b n (_1)m71

= 2 22 .
((1_le)|o_KnH1+KanH§ )’

“ olx,| "
A ( (m)
ama  OA, |l‘b”"( 2 () [a-a )i+ 10, - H;)b W
Ugy = n|3b| - |’
ox 3 M \ 6|X2|L 1_9113 J}
(m)
m O0A t ~ ~
3Ab"( = S XZ[(l_le)IO_K:H1+K_:thnﬁ ]’
ax3 #m 1b
m m m a m m m (m) —|
o-linb( "= 2An|1(b (_K:I’:b)lla -1 )|0+Kn||( _I( = |H1
| alx, | 1—91“
2, (m) <
Kn|4b le ]
——~H51D} ,
1—le J
A, (m)B _ 9 "o (2 0 [ = 2 272
O11p = Antlb (-1)" 2( _Vm)8|X | (l_le)IO_KnH1+KnQ1bHélb
2
2 1
Iy 2 = 0 4 473 .
_ngt(le—l) Kn(1+th)+_6 . I0+an1—KanbHémJ} ;
1
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0
A, (m)A (m) (m) 2, (m) 2 (m)
O 2 :_2An|1b (I b |0+Kn|3b Hl_KnIAb H()lb)’
o]
A, (m)B (m) iy 0 [ ~ 2 272
O 2 =2At, (- 1) (:I'_Vm)a|x|(]‘_le)lo_’(.11_[1+KanhH§1b
2
: |
= j 2 = 0 472 l .
+X,(1-Q,,) —Kn(l+le)+6| |2 |0+KanbHélb |
X
2 J}
L N L P A 1 P S T 2 FOENT i B ST oY
O 3 n'ib K = 2 ( o)+ Ly 1 Ty Mg T K Tha |
1-Q, a| .| o
A, (m)B (m) 2 m = 2 272 .
33b :2Ant1b _KnX2+(_1) 2Vm ((:]'_gllb)lo_K‘nl_ll_*_’(ngzlbl_l~ )’

Qi
ol.|

12b n'lb n"3b 1 n 4b Q.

P
R D TS ) e ([ P T | PR L) S I
oX

1

) [ ~ 1
A, (m)B (m) 2
12b =2AL, —|x,2(1-v,) I, =Q, g
0X, 1
m-1 0 { =~ 2 272 }W .
+B-2v, + (=) x, (lfglb)lofKnH1+KanH§ !
0|X2| 1b J
= (m) (m)
A, (m)A a n o (m) ( [I (1_le)+ I4b ]H1_|4b Hdml 20 (m) \
O 13p = L = sy s K
ax3 a|x | Q, -1 | )
O0A ~
A,(m)B (m)
o5 =2 t, — | X,|Q@-Q ), —x T, +x QI
0X, N

+(-1)" 2y, )

23b n "3b 1 n 4b Qy

oA
o MR Z o S My (1) e AT, - kAT )
9
3

{(1_le)|o_K:H1+K:612bn§w}; (BZ)

A, (m m-
MM g Mg (—1)" T x

23b 1b
0X,

2

ol

The couple (z;»™, g™y is obtained using (13 f, g, | and m) associated with
stresses. We obtain
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. 1™ d
g/ mA g e —(K2| +(1—2vm)—H1],

U, O0X, 8|x2|
ume = A R, 2 (—1)m4(1—vm)LH1+X2[K:H1— L
2u 0x, alx, |
(m)
uf™Mr oA 2 ()" (- 2v )1, - x0T,
Mo
. iQ D _
N, 2/4: P (=), ] (21, - 1,);

3c n

(m)
uAn(m)A 6An Ilc [ 2

0
Kol +(1—2vm)—H1},

OXy M, 6|x2|
m oA, iQ
SA(:H( ? = aX: 2/;; XZ(K:H1— IO)’

1lc n'1

A"(m)A _ (m) 4
o =-2Al, [K |

A, (m)B

o, = Anin[(—l)“” 2

0 2
{2 -v ki - @-2v )1,
ofx, | J

2

(2-v )L[K‘ Im, -1 ]
m a|X2| n 1 0

[o° , ,
_Xzialeo""(n[lo_’(nHJJ% ;
1
A (m)A (m) 0
22¢ :2An|1c (Knnl_(l_zvm)lo)’
olx.|

o, = Anin{(—l)mZ
o MmA 2An|l(cm)l(‘:{l(:|

A, (m)B

A, (m)A
12¢

- 2 m-1
= AQ (k. x, +(=1)" "2v

2
(1_Vm)L(IO_KnZHl)+ X, ‘ 2 IOJ;
olx,|

+(1-2 )_6 IT
— ¢V
la m 6|X2| 1|

(IO_K:H1);

m
olx.|

0
(m)
= 2A 1M (-1)" —(@-2v )1, -«xT1,),

oX

1
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ME o AiQ, — | kI2(-v ), +[B-2v, + (-1)™ {1
le 6|x2|
oA oI,
Qc(m)‘\ = I( ' — (1-2v ) K:Ila )
0X, 00X, a|x2|
oA ) . Tl
o™t = i, —| (D) 2@ -v,) - x {1 - KT
0X, X, 8|x2|
A, (m)A )
23¢ - OX 4 (_1)”‘((1_2Vm)|0 H1)1
3
2A3,.c(m)B == : in + (_1)milxz K:Hl);
0X, 6|x2|

33

(B.3)

The pair (o™, g, is calculated from (13 h, i and o, p) associated with

stresses. We have

(m)
gMma l,~ 0 |(m>aH1 21 (m),
1d n 2d n 3d la 1
M, OX, 8|X2|
(m)
t 0 oIl
A, (m)B -1 2 .
T S e D R T R e S (I
u, ox, olx, |
(m)
An(m)A (m) 2y (m)
Upy ( 1) ( _Knlsd Hl)’
ﬂm
(m) P
A,(m)B 1d 2
2d = An +(_1) Knnl)’
Ho olx, |
oA 1M o1l
gama 9% e | Lo Amy
3d 5 2d a| | n'sd ‘1a |?
X3 My X,

(m)
ame OA L

1d

u =
3d
6XS lum
Ay (m)A (m)
0114 = A2l
X, |
A (m)B (m)
11d - A ( 1)

Xz(lo _annl);

[ (R T W BN BT ]
( 2
2(2-v,, )6|x2|( O—K:H1)+ XZ{L K:+E|O
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0
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O 54 __An2|1d I2d IO_Kn|3d 1_[1 '
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oIl
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olx,|

The couple (o™, g™ is obtained from (13 j, k, and n, | ) associated with
stresses. We have (here, we write r_ for r’, m=1and 2)

g A ma " o B Iy 'r, O () _ lgg 1, OTL (o) . oy O )
e " M, OX, 1+, 6|x2 1+ 6|x2 1+r 6|x
[m 1m 1m Tom
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20, ox, | olx,|
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