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ABSTRACT

In this study, we consider two elastic solids (S1) and (S2), of infinite sizes,
welded along a non-planar surface S in the form of a corrugated sheet; more
specifically, with respect to a Cartesian coordinate system x, , the interface has

the same sinusoidal shape¢ = ¢ sin «_x, in the x,x, - planes and is rectilinear

in the x,x, - planes. We investigate the elastic fields (displacement and stress)
due to a dislocation lying on that interface at the origin and running indefinitely
along the x, - direction. The approach used is to treat the elastic fields as the

difference of two quantities: 1) the first corresponds to the elastic fields of a
sinusoidal dislocation at the origin in an infinitely extended homogeneous
medium and 2) the second satisfies the equilibrium equations with a
discontinuity, when crossing the interface, identical to that given by the elastic
fields of the sinusoidal dislocation from the change in the elastic constants on
the passage from (S2) to (S1). This second quantity is set using Galerkin
vectors whose components are expressed in the form of Fourier series and
integrals. Then equations are written that reflect the continuity of the elastic
fields at the crossing of the interface. These interface boundary conditions split
into two distinct groups: those corresponding to a planar interface with a
straight edge dislocation at the origin and those (in the linear approximation
with respect to¢ , assuming¢ to be small) proportional to the sinusoid or its

spatial derivative with respect to x,. The displacement and stress fields,

provided by our analysis, for an interface straight edge dislocation, reflect the
presence of the Dirac delta function in the shear stresses on the interface; a
comparison is made of these findings with those previously published on the
same subject.
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Among the additional oscillating stresses, o, is the only one that possesses a

singularity of the 1/x, type on the interface. Consequently, this stress

contributes a non-zero value to the crack extension force when a non-planar
interface crack, with an oscillating front perpendicular to the x, - direction, is

loaded in tension.

Keywords : linear elasticity, interface dislocations, Galerkin vector, three-
dimensional biharmonic functions , Fourier forms, linear systems
of equations.

RESUME

Une étude des champs élastiques de dislocations coins droites et
sinusoidales utilisant des vecteurs de Galerkin avec des composantes
tridimensionnelles biharmoniques dans la forme de Fourier (complétée)

Dans la présente étude, on considere deux solides élastiques (S1) et (S2), de
tailles infinies, soudés suivant une surface non plane ayant la forme d'une tole
ondulée; plus précisément, par rapport a un systeme de coordonnées cartésien
x,, I'interface a une forme sinusoidale identique¢ = ¢ sin «_x, dans les plans

x,x, et rectiligne dans les plansx,x,. On étudie les champs élastiques

(déplacement et contrainte) d'une dislocation couchée sur cette interface a
I'origine et courant indéfiniment dans la direction x, . La démarche utilisée est

de considérer les champs élastiques comme la différence de deux grandeurs :
1) la premiéere correspond aux champs élastiques d'une dislocation sinusoidale
dans un milieu homogéne infiniment étendu et 2) la seconde satisfait aux
équations d'équilibre avec une discontinuité, a la traversée de l'interface,
identique a celle mesurée dans les expressions des champs élastiques de la
dislocation sinusoidale et qui résulte du changement des constantes élastiques
au passage de l'interface, du solide (S2) vers le solide (S1). Cette deuxieme
quantité est définie a l'aide de vecteurs de Galerkin dont les composantes sont
développées dans la forme de Fourier. On pose ensuite des équations traduisant
la continuité des champs élastiques a la traversée de I'interface. Ces conditions
aux bords pour l'interface se répartissent en deux groupes distincts : 1) celles
qui correspondent a une interface plane avec une dislocation coin droite a
l'origine et 2) celles qui (dans l'approximation linéaire par rapport a ¢ ,

suppose petit) sont proportionnelles a la sinusoide ou a sa dérivée spatiale par
rapport a x,. Les champs élastiques d'une dislocation d'interface coin droite,

obtenus par l'analyse, rendent compte de la présence de la fonction delta de
Dirac dans les contraintes de cisaillement sur I'interface; une comparaison est
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faite de nos résultats avec ceux publiés antérieurement sur le méme sujet.
Parmi les contraintes oscillantes additionnelles, seule -, possede une
singularité de type 1/x, sur l'interface. En conséquence, cette contrainte

contribue a la force d'extension de la fissure quand une fissure d'interface non
plane, avec un front oscillant perpendiculaire a la direction x_, est sollicitée en

tension.

Mots-clés : élasticité linéaire, dislocations d'interface, Vecteur de Galerkin,
fonctions biharmoniques a trois dimensions, expansions en séries
de Fourier, systemes d'équations linéaires.

I - INTRODUCTION

Consider a pair of different solids S1 and S2, of infinite sizes, welded along a
non-planar sinusoidal surface S defined by the running point
P, (x,,x, = & sin x X,,x,), In such a way that S1 and S2 occupy the regions
x, > & sin x x,and x, < & sin x x,, respectively. The situation is shown in
the Figure 1 where S1 and S2 are confined for illustration purpose in a
parallelepiped of finite sizes.

Figure 1 : Two elastic mediums (1) and (2) welded along a non-planar
sinusoidal surface and containing an interface sinusoidal dislocation at the
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origin. The dislocation lies in the ox ,x, — plane and runs indefinitely in the
x, — direction.
The present study aims at providing expressions for the displacement and stress
fields of sinusoidal dislocations, lying on that interface at the origin, extending
indefinitely in the x, - direction and spreading in the ox,x, - plane in the

sinusoidal form A =¢ sin x x,. The dislocation is edge on average for

Burgers vectors in the x, and x, directions; for the former direction, the

Burgers vector is perpendicular to the plane of location of the dislocation,
hence this is a climb-type edge dislocation; for the latter, the Burgers vector is
in the plane of the dislocation, consequently, this is a glide-type edge
dislocation. In the present report, we restrict ourselves to a Burgers vector

b = (0,b,0) inthex, - direction. Using the results of such a study is at several
levels: 1) the elastic fields due to an arbitrary form of interface dislocation in
x,x, planes with the same Burgers vector can be derived by superposition
(Fourier series expansion ); 2) a non-planar large interface crack loaded in
tension in the x, - direction and propagating in the x, - direction may be
represented mathematically by a continuous array of long non-straight
dislocations with infinitesimal Burgers vectors b = (0,b,0) . Denote by g™
and (o)™ (m =1and 2 ) the displacement and stress fields in the solid (m) due

to the interface sinusoidal dislocation. We assume that the following
description applies:

e (‘™ and (o)™ are continuous at the crossing of the interface
U (P =d@(py) and (o) (Py) = (o) (P,) )

e Far from the dislocation and the interface, the elastic fields in the
medium (m) correspond to those of a sinusoidal dislocation in an
infinitely extended homogeneous solid with the equal elastic constants,
that we denote byu ™~ and (s)™~ , hence

- (m) - (m)w

u — U (2)

(@)™ = (o)™
when one moves far away in the x, - direction.

e The elastic fields may be expressed in the form
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- (m)

u =J(m)w _J(m)W

@)

(@)™ = ()" = ()™
where v ™" and (o) ™" satisfy the equations of equilibrium and posses
the properties that follow.

AUT(P) =u®@” —u®” =@ —u D" =A™ (Py)
(Ac) (P = (0)?" = ()" = ()" — ()™ =(ac)" (P), (4)

(2)

these conditions ensure the continuity of the elastic fields across the
interface.

e ™" ands)™" cancel far from the dislocation and interface; this
means that

— w
a™" o0

()

)™ 5 o0
when |x2| — = ; this ensures the veracity of condition (2) above.
The elastic fields o™ and(s)™ thus obtained are expected to be valuable
representations of the physical situation illustrated in the Figure 1. The
associated ¢ ™" and (s)™" are investigated with the help of Galerkin vectors

and corresponding equations of equilibrium. The methodology in Section 2 is
essentially as follows: in Section 2.1, Au” (p,) and (ao)” (P,) are expressed

in a Fourier series form that involves terms with exp( ik.x) , with
k = (k. k,.k,) (k, real numbers) and x = (x,, x,,x,) Vector position; in
Section 2.2, a Galerkin vector with components involving exp( ik.x) is
considered. The associated elastic fields also consist of terms proportional to
exp( ik .x) . These are managed in the equal Fourier series form. Then equations
of the type (4) can be posed. In Section 3, the search for the appropriate elastic
fields ™" and(s)™" is performed. In Section 4, calculation results are

discussed and confronted to previous studies. A conclusion is made in Section
5. The beginning part of this study has been reported [1].
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Il - METHODOLOGY

I1-1. Interface boundary values carried by the elastic fields of a sinusoidal
dislocation in an homogeneous solid

The elastic fields due to a sinusoidal edge dislocation (b = (0,b,0) ) lying in
the ox,x, - plane in the sinusoidal form A (x,)=¢, sin « x, have been
provided in infinite series forms by Anongba [2]. In a similar way as in our
previous studies [3-7], we shall assume ¢ small and limit the elastic solutions
up to terms of first order with respect to ¢ . In this way, the elastic fields
consist of two terms:

— £ — (0 © — A ©
G M= _ Gome= A

(6)

(o_)(m)w _ (O_)(O)(m)w T (O_)An(m)cc

where o©™* and (o)™~ are of zero order with respect to ¢,
corresponding to the fields of a straight edge dislocation; v *™~ and (& )" ™"
are proportional to the sinusoid A (x,) or to its spatial derivative oA /ox, .

Our purpose here is to write down the differences au~ and (ao)” (4) on
crossing the interface at arbitrary point p_ (x,, x, = &, sin «,x,, x,) . We use the
notation x, =¢ (& =¢ sin x x, small) and take the MacLaurin series

expansions of the elastic fields up to terms of first order with respect to ¢ ; this
means that

oAU "

AU (X, X, = &,%X,) = Au”(x,,0,x,) + (x,,0,%,)¢
ox,
(Ao) (X, %, = £.%,) = (Ac)” (x,,0,x,) + 0(ac) (%,,0, %,)& - (7)
ox

2

u™” and (o)™~ are taken from our previous works [2, 5,6]; we obtain (u, is
the i-component of vector u and o, the ij-element of the stress matrix (o) ; i,
j=1t03)
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n®

0 0)x
Au, (X, X, =&,%,) = Aui( oy Au,

® () Ay
Ao, (X, X, =&,X;)=A0, " + Ao,

bC O
ulo” = VIn|x1|:— j— e dk
4x 8z ||
. bC x A bC | o
ot BB L - oy
axx,| k) + !
. bC, ibC , o
TR E=- J' sgn( k,)e" "k &
4rx, 8z
. bC x A ibC A k ey
AUZA" — _Asgn( Xl)Kl — v''n J‘ 1 kl ldk
4z 8z - \/kf L’
Aul”" =0
3
ae | BC K, A ibC A, s
Au,"" = ~—sgn( X, )K, & = J' dk &
4z Ox, \/k +K

o

o c,-¢C ik, x
Ag W7 =22 71 _ -2Q, Isgn( kl)ek“dk1
X

1 -

. (C,-C)x A 6+ x x')K
AO’S" :( 2 1) n'"'n 3KnK0+( n 1) 1
X, x|

k,(3k” + 2x7) i

=2Q,A, j \/7 k&
. C,-C P
Ao = 2X L=-2Q, J'sgn( ke dk,
1 —o0
w C,-C))x A 2K
AG;;" :_( 2 1) n"'n KnK0+ 1 Cf
X, Ix,|

= —2Q,A, [ kyyJk + ek g
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8' ) ik, x
AU;;)w = - Q. = -4Q, Isgn( kl)ek“dkl
Xl —0
e KA [ 6iQ,
Aol” = - =201 8iQ kK, + +xl(C, ~Cx]|K, &
x| [x,] )
"k (20 k7 + (2 + k2
_ 2AnJ~ 1( QC 1 ( Qc Qb) n)elklxldk1§
2 2
o \/k1 + K,
. C,-¢C T Lk
Ao = TEThe =20, [ [k [e" kg
Xl -
. C,-C)K
Ao =K A, 4iQCKnKU—@
1
x|
N K+ - K’ Kox
- -2iA, | %k, +(Q, - Qx, e idk,
e w[k12+r<:
A0'1(30)ao =0
oA 2Q, - Q )K
ot e Pl g e k4 900K,
0X, |x1|
oA —2Q,)k/ + —Q)k 4,
_ 5 OA f (Q, - 2Q,)k; +(Q, - Q,)«, e*k g
5X3 w0 k12+l(‘n2
Aol =0
. oA A k -
Ao,y = —4iQ k, —sn( x,)K, = -2Q, —" | L o'k, (8)
ox. P AN
where

[LA(1-v,)-1K1-v,)], Q,=i(C,—-C,)/4,
i(v,C,-v,C)l4, C_=bu l2z0-v,);

K, is the ith-order modified Bessel function with argument rcn|xl| and

son( k,) = k1/|k1|; u, and v_are shear modulus and Poisson's ratio. In the
various expressions in (8), constant terms are omitted.
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11-2. Galerkin vectors and interface boundary conditions

A Galerkin vector v (x) is a vector whose components are biharmonic spatial

functions (aa v = 0;a Laplace operator) in order to satisfy the equilibrium
equations with zero body forces. Then the associated displacement u is
expressed as

240 = 2(L-v)AV —V(VV) 9)

where x and v are shear modulus and Poisson's ratio respectively; v is the

operator nabla, v = (a/ax,,81/ax,,0/ox,). The stress field () is obtained

from the displacement u by partial differentiation with respect to coordinates
x, . The matter is treated in a number of books ([8-12], among many others).

For the present problem, we arrive at Galerkin vectors with only one non-zero
x, — component, arranged in the form

ik.x

V,(X) = @, (k)"  + g, (k)x,e"” (10)

under the condition k2 = k* + k2 + k2 = 0 that ensures the biharmonicity of
v, . For v, to cancel far from the interface, we write

k, = k™ = (~1)" ik + k] (12)

with m =1 when «x, >¢ sin « x,(half-space 1) and m =2 when
x, < & sin «_ x, (half-space 2). We use the notations

K=k kg k) @)™ = ay, (kM) B = B, (k)

hence for half-space 1 (x, > ¢, sin «_x, ), solid (1)

- @, - —@) ik % ey ik ® %
V,(x)=V, (X)) =a, e + B, x,e

and for half-space 2 (x, < ¢, sin «,x,), solid (2)

o(2) = (2) -
—(2) ik X ik X
=

3 @ = 7 (2
V,(x) =V, (x) , € + B, x,e
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The elastic fields corresponding to v, (10) may be first calculated starting with

(9); then, more general forms ¢ and (-)™" are constructed from the
previous ones by superposition over k, and k, (here the superscript V is just a

notation, not to be confused with M‘) For ¢ ™" and (o)™ to conform with
u ™ and (o)™~ (6), the summation over k, is continuous and that over _ is
discrete. k, takes three values: — « , 0, « . The fields corresponding to k, = o
are denoted ¢ ™" and (o)™ and terms associated with «, = -« and «
are merged to form expressions denoted u * ™" and (o)*™" ; this is made
possible by requiring that

V()= —a" (e BV () = =B (k) (12)
In (12), a ™ («,) stands for &, (k,, k™, « ). We write

~ (m)V ~ (0)(m)V ~ A v
u(m) _ u( m) +u o (m)

(o) = (o)

(13)

(myv (O)Xm NI

+ (o)
a ™ and (o)™ are  x, - independent; o ™" and (o)™™' are
proportional to the sinusoid A (x,) or to its spatial derivative oA /ox,. Here
also, for points p_ on the interface, au* and (a )" are expanded up to terms
of first order with respect to x, = ¢ in a similar manner as in (8) for au~ and
(aAo)”. Requiring au’ = au” and (ao)’ = (ao)” lead to the following
equations, writing first the conditions corresponding to «, = o (i.e.

AU — au®” and Ao = ac 7).

Au; = Au,
—(2) —(1) 7 (2) 7 (1) -
o a ibC  sgn( k
o T, T (£ D) we, s k) (a)
M, Hy M, Hy 4z Ky
—(2) —(1) o (2) > (1)
[ [T - E S A (b)
M, My M, Hy
aul” = Au®”

P. N. B. ANONGBA



Rev. Ivoir. Sci. Technol., 26 (2015) 36 - 75

—(2) — (1) (2) 1)
a a Q-2v,)p @-2v,)p
|k1|[ 2 Yo J 2[ 2 2 i 1 2 -0

2

! |[07;2) N 072(1)J [(1— av )Y a-av)pl ] _ibC | sgn( k,)
) -

H, 231 M, y7 Y3 Kk,

A 1(10)V — A 1(10)00

k|@® + &)+ @+ 2v,)pP - @+ 2v) B = —2Q, sgn(k Zkl)

:

k. |@? - a®)+ 2+ v, )5, + 20+ v, =0
Aol Aol

k@ ® +a®)-a-2v,)2 +@-2v)p” = 2q, Sgnl((#

k@ - &)+ 2v,8,7 + 2v,8 =0 1
Bal = ao "

v, B — v B = 20, sQn(k zkl)

1
2 (2) PyE]
v,B, +v, B, =0

OV _ Ao = (h)and (e) above

12 12

Ao

46

(©)

(d)

(€)

(f)

9)
(h)

(i)

1)

(14)

In Equations (14 a to j) above, &/™ stands for ok, k™ k, =0).The
conditions corresponding to au™" = au™” and ac ™ = ac* are now listed

as .

1)
A,

Ho

a—(Z) a—(l) ﬁ (2)
2 2
k' + & | 22—+ 22—+ 2—-

=0
Hy
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—(2) —(1) (2) 1)

a a bC k

kK + x| —2—-——|+2 B +ﬂ2 _ ., —— (b)
H, M, H, Y 87 Kk +«,

AuM = au = (c) and (d) (displayed below)

—(2) —(1) o (2) PEh)
2+K:(_a2 a, J+2[(1—2v2)ﬁ2 L @-2v)p, J:bCV§n k,

+
Hy Hy

2 2
M, ) 8z Kk + K,

—(2) — (1) o (2) o )
< K:[az . a, J @-4v,)B," (A= av))pl %
iy, My u, ay
Au™ = Au” = (a) and (b) above
Ao-li"v = Ao-lli“m =
KAk +x2 (@ v aP) e[+ 2v, )k + 2v,x 2187
S[L+ 2v )k + 2v kl18M = 0 (e)

K AkZ + w2 (@ = a )+ 2l + v )k +v,x 218

iQ,& k, (3k] + 2K )

(f)

+ 2+ v )k + v 18 = - L
k1 + K,

AV A,
Ao, =Aoc, =

Ve +x2@PvaP)-a-2v)p 2 +a-2v )" =0 (9

_ — i k
S+ 2 @2 @ ®) s 20, 50 4 v, B0 = - s (h)

kK, + &,
AV A,
Aoy =Ac, =
2 2 2 (—(2) —(1) 2 2. .7(2)
K oAk + K, (a2 +a, )+ [(1+2v,)x, + 2v,k 18,
2 2. 7(1) -
-[(1+2v)x, +2vk 1B, =0 ()

an /klz + an (a—z(z) _ a_z(l))+ 201 + Vz)K: + Vzklz]ﬂ_zm
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i,k [2Q.k +(Q, +2Q,)x,] )

+ 2[(1 + vl)rcn2 + vlklz]/};l) = . >
K, +x,

AV A,
Ao, =Aoc, =

/klz 4 an (072(2) _ 072(1))+ 2(‘/2:3_2(2) 4 Vlﬂ_z(l)) _ _ ién[Qbkl +2(Qb _ZQC)Kn] (k)
ko (k, +x.)

1lk12 + K‘: (072(2) + 072(1))+ 1+ 2v2)/?2(2) -1+ 21/1)/72(1) =0 (|)

AV A,
Ao, =Ac, =

Vel @ @) i i -0 (m)

/klz R an (072(2) B 072(1))+ 2(,8_2(2) N ﬁ_z(l)) _ i, [(Q, - sz)tl + (ZQC -Q,)x .1 (n)
k,(k; +«.)

AV A0
= Ao,

S s k2@ @) e 20, 52 v g0 = - el (0)

2 2
K, +x,

=

ﬂkf + an (05_2(2) + 072(1))+ 1+ 2v2)ﬁ_2(2) -1+ 2vl)ﬁ_2(1) =0 (p) (15)

Next, we are concerned with satisfying boundary conditions: (14) leads to the
displacement and stress fields due to an interface straight edge dislocation

(b = (0,b,0)) parallel to thex, - direction at the origin; the interface is the
ox ,x, — plane. (15) provides the complementary terms (to first order in & ) in
the elastic fields of an interfacial sinusoidal edge dislocation.

11 - CALCULATION RESULTS

I11-1. Displacement and stress fields due to an interface straight edge
dislocation

I11-1-1. Partial elastic fields associated with interface boundary conditions
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Three distinct couples of values for (o™, 5™ are extracted from (14); these
are :
va Qa —(m)

@) o) = === ay, ;A" = (1) A
1

m-1 CmQa Sgn( kl) _ “T(m)
T T 2 = FPaa
1

—(m) . T(m sgn( ky)  —m
Eaz(b)’ﬁz()z( ) Qbk— ﬂz(b)

1 1

2
(b) OTz(m) = Vkmng

(c) a_z(m) _ VZ =a,, , independent of m; 5 Z(m _ _ D™ 1Q_Cw
k, . 1

(m) (16)

where

a

\/_C =Q,+2Q [1-(v,+v,)/l4vy,

=i(v, —v,)M(1-2v,)(1-v)+(@Q-2v)(1-Vv,),

None of these couples satisfies the entire conditions (14). For each couple, we
display below the associated elastic fields ¢ ™ and (&)™" defined in
Section 2.2. A superposition of these partial fields will provide the complete
form of solution. The couple («™,,™)is obtained from (14 a to d)
associated with the displacement. We have at position

v 0 \Y% — (0 Vi 0 v o v

X:(lexzyx ) (u()(m) Eu;)(m ,(O')()(m) E(g)i)(m) )
iC_Q x 2

Ul(:)(m)v _ m ¥ a (_1)m—1(1_ 2vm)ln |X1|§A(x2)+—i ,
2u r

ibQ ( L x
g ©mv a | _ tan 1{ 1

2a 27 L

o™ <ic Q, [( 1)m’1rx—1+(J_ —X—1W5 (x )—|—ZSgn( X )—Xlx22 ,
1la L 2 k 1 I’2) A ZJ 2 r4
o X" =ic Q, [( 1)m’1r—;+(J_l——ﬂ5A(x2)1+2sgn( X,) lezJ,
Lr L r-) J r
o MY~ (—)" 20w charx—;Jr(J_l—x—ﬂ&A(xz)w,
R Gl
o gi™ = (-n"ic . Q, (Xzf 5 (17)

3, = [sin k,x,dk,
0
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Here, s, has the following definition: s, (x,) = 0 when x, = 0 and 5, (x,) =1
when x, = 0; r* = x? + x: Constant terms are omitted in the displacement.
It can easily be verified that o™ =u ™~ —u®™" have the equal

la 1

expression with  m on the interface x,-o0; but the stresses
o JAm 2 g Dame 5 tmYand o $X™ defined in a similar manner exhibit

different  factors (with m) that multiply the equal spatial functions
x,(x2 - x2y/rrtand x (x2 +3x2)/r* respectively. The pair (a ", g ") is
obtained using (14 e to h) associated with the stresses. This gives (using the
similar notations)

um - B ((1)“(1 2v,) I [x,fo, () + X—]
7 r
ae - B (—2(1—vm)tan RE E e i]
#mL . | ' J
xmve 2|Qb{(1)m1[x—i+(.l_lX—iJéA(xz)} 2sgn( x,) xifj )
0)(m)V - m*1|— ' —l X XZ
o9 i | (- K [32 2 e o) |+ 2san x) 2]
PRGNy | r’
e - <-1>wiva{rX_i+ {i - X—;}“(XZ)]
1(20;(m)V _ (71)m2inL47xl). (18)
r

It can be verified that u ™ = u ™~ - u ™" are not identical with m on the

1

interface; but the stresses oJ)X™ = o™ g OX™ and & 5X™ (similar
notations) exhibit the identical expressions with m (= 1 and 2) with the equal
factor (c, +c,)/2 multiplying the spatial functions x,(x? - x?)/r*and
x, (x> +3x2)/r* respectively. The couple (a,., s, ")is calculated using

(14 g to j) associated with the stresses. This leads (similar notations apply)

) 2
m I m YA X
u Y - ()" (v V., Q) |x1|5A(X2)+Qc_§ '
Vm/um r
S e | ] oo 22
XY [2(-2v,)Q, +v, V. ltan | = |+ (-1)""Q, ~2 |,
| x, )
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o XMV _ 2_i£(1)m1[(1+ 2v )Q, - [—: (J_ —;\5A(X2)}
Vi r r°)
- 2Q, sgn( x ) 2]
Tae =2—i{(—1)m‘1[<1—2vm)Qc ‘v, [X— N X—ﬂa,\(xz)}
Vo r )
XIXEJ
+2Q san( x,) ——— |,
]
DN [X— o5 2s.0, ﬁ
r )
o pumy - 2s [(ZQ SVysn( )+ (-t e e Z %) _le)]
re v r
+27i(2Q, = V,)5(%,)5,(X,) (19)

where s (x,) is the well-known Dirac delta function in & 7™ when x, = o

111-1-2. Boundary conditions

We define the elastic fields ¢ ™ (x) and (&)™ (x) of an interface straight
edge dislocation as

J(O)(m) _ 'J(O)(m)ﬂ0 _ lI(O)(m)W
(0)(m) (0)(m)owo (0)(m)wW
(o) = (o) ~ (o) (20)
with
= (0)(m)W (m) =~ (0)(m)V (m) —~ (0)(m)V (m) =~ (0)(m)V
u :Ua lJa + b L,Ih +77C UC .
(0)(m)wW (m) (0)(m)V (m) (0)(m)Vv (m) (0)(m)V
(o) =™ (0)! +7" ()¢ + 7" (0)! (21)

Again ™= and (o) ™~are due to a straight edge dislocation
(b = (0,b,0) ) parallel to the x, - direction at the origin in an infinitely extended
homogeneous medium (m) (see [2, 5, 6]); ¢ ™" and (o)X™" are given in

(17) to (19); » ™ _ are real to be determined by the requirement that the elastic
fields satisfy the following conditions:
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o ™ (x) Iscontinuous across the interface (actually we shall write this
condition for the x, - component).

° fau" =b for a closed contour in x,x, encircling the dislocation. We
r

may take for r a square of side a centred at the origin and travelled in
the direction of the corkscrew advancing in the positive x, - direction.

e The stresses o "™ are continuous at the crossing of the interface, i.e.
aiﬁo)(l)(xl, x, =0, x3) = o-iﬁo)(z)(xl, X, =0, x3) .

e (™" (x) vanish far from the interface (i.e. when |x,| > « ).

It can be seen that all the stresses involved in (o)“*™" and (o)®X™" vanish

at infinity. Under such conditions above, u ™ (x) and (o)™ (x) correspond
to an interface straight edge dislocation. Next, we express the quantities
involved in the conditions above and proceed to satisfy these.

ul(o)(l)(xl,x2 =0,x;) = ul(o)(z)(xl,x2 =0,x;) =
1-2v ( (m) m-1 . (m) m-1,.
—C_ —n, (1) CliQ,-n, (-1) "2iQ,
2p, |
m, ma 20Q, — v, V)
—nc( )(—1) o~ _m co =€,

v, 1-2v ) J N

0
[du;”™ =b =

r

+V

(m).
n, 1Q,+n .

c

my 21Q my 271 [ 2(1-2v )Q, — |
b +n
C. bu,

Vm

0)(1 0)(2
()():o_()()

22 22

m-1

c,-n"n""ciQ, - (-1n""2iQ,
[(1— 21/m)QC + vmV—CJ

Vm

- (1" 2i

c

o)1) _ (0)(2)
12 =0y
(m)
7. =n.=¢€,,
o)1) _ (0)(2)
33 = O3
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( _ (m) _ m-1 . _ (m) _ m-1 4. _ (m) _
2v {C_ —-mn, (-1)" "C_iQ, -7n, (-1) 2iQ, —n, (1) 2i

0)(1 0)(2
()():o_()()

11 11

c,-n"n"'c,iQ, -1 "2iQ,

1+ 2v -V V_ .
nc(m)(l)mlzl{( m)Qc m C]Eee,

Vm

u ™Y (x) vanishes when |Xz|—’ © =

7", CoiQ, = n,"v, 210, + 0 2iQ =0 =e,; (22)

71

where all e, are constant with m =1 and 2 ;for the various stress conditions
above, we restrict ourselves to terms with the spatial function ./ x,) only.

111-1-3. Satisfying boundary conditions

We are concerned with finding the appropriate expressions for 5" that
satisfy the boundary conditions (22). We first recognized that ™ (20) takes

on the interface the very simple form involving only , ™

o XM (x,,x, =0,x,) = —n"2xi(2Q, —V_c)5(xl) . (23)

12

o P = 5 9 on the interface leads to » ™ = 5, = e, constant with m (22). A

12

number of expressions for , "’ can be extracted from (22), but only one value

leaves « '™ (23) unchanged on inverting the elastic constants. It is obtained
as

Zb#]_#z[#l(l_2V2)_ﬂ2(1_2V1)] . (24)
[ B -av,)- u2(B-4av)ri(2Q, -V,)

¢ =

This can be arrived at from different routes involving different equations in
(22). Only one route is presented as follows. » * can be isolated using (1) e,

and e, in (22), (2) e, and e, and, (3) e, and e, ; (1)=(2) and (1)=(3) provide,
respectively, the following equations :

C1 - 77:1)C1iQa - ’7;1)2in
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Zi{V1(:uz_ﬂ1)v_c+[_lu2+#1(1+2v1_2V2)]QC}=0 (25)
Vl[:uz(l_ 2v,) - pu, (1 - 2\/2)]

2(1-v,)(1-2v,)C, -b ' (C,-nciiQ, -n2iQ,)

+77C

(Zch;_V1V_c[:uz_lu1(3_4vz)]):0 (26)

+ 177,
VK,

where

b, =@-v)1-2v,)+(@L-v,)(1-2v,),
b; =4, (2-2v, -3v,+4vy,)—uv,(3-4v,).

Both equations (25) and (26) yield ,_ (24). Using (24), equations (25) and e,
(22) allow »* and »® to be calculated; then to reach , * and ,®, we may

associate to e, (22), the following equation (27) obtained in the same way as
in (25) :

c,+n7c,iQ, +n2iQ,
+ cZi{vz(,uz_/ul)vc+[#1_#2(1_2V1+2V2)]QC}:0- (27)
Vz[,ul(l_ 2v,) = u,(1- 2V1)]

We have

p® @ C,+C, wu,Q-v,)+u,0-v,)
b b - -
Cl_Cz lul(l_vz)_/uz(l_vl)

’7;2): 1 c,+ 2bp (e, — 1y) . (28)
c,-c, wluf-av,) - ui3-av)]

n (™ depends on elastic constants, this is denoted as » ™ = » ™ (v, v, u,, 1,);
by inverting the elastic constants, this becomes » ™ (v,,v ; u,, »,). We have
the following results:

i

WV, v, ) = ——
Q

a

(1) . (2)
n, (Vv s, 1)+,

Uﬁz)(vl,vz;ulvuz):_;(flJrN—u) (29)
2iQ, De )

where
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NU = 2bu, (v,@—v,)d u +v,Q—v)e,ul + puu,lv,A-v,)e +v,@L-v,)d])

De =z(Q-v (v, -v,)(v,C + VZCZ)[/le (3-4v,) - /122(3 - 4\/1)]

in which
d1*=v2—5v1+8v1v2; d;:v2+3v1—8vlvz,
ef =5v1—v2—8v12; e; =—3v1—v2+8v12.

In summary, (™ are determined by using (24), (28 and 29).

111-1-4. Perfect elastic fields

The elastic fields due to an interface straight edge dislocation (b = (0,b,0) )
parallel to the x, - direction at the origin, are given in (20 and 21) with values
of ,™ calculated from (24), (28 and 29), respectively. We first display

special values taken on the interface by quantities & ™ and & "™ that are
frequently involved in the analyses of the propagation of the interface crack
loaded in tension. & ™ is obtained from (23 and 24) as

_zb'ulﬂz[#l(l—sz)—,uz(l—21/1)]6()( ) (30)

(0)('“)(X
(2B -av,)- u2@-av)]

12

X, =0,x,) =

m =1 and 2. This quantity is unchanged by inverting the elastic constants.
From (22), o 5™ (x,,x, = 0, x,) is first written as

@

o O™ (x x —0,x,) = = (31)

22 1 2
Xl

The calculation can be performed with m=1. Introducing in (31) the value of
(c,-nPcliq, - nP2iqQ,) taken from (25) and making use of the value of 5

(24), we obtain

Gz(g)(m)(xllxz = 0,x,) = 4bﬂ1/i12[:u1(1*l/2) fZ,uz(lfvl)]i 32
z[ﬂl (3-4v,)— u,(3- 4"1)] X,

o 9™ (32) is unchanged by inverting the elastic constants. Similarly, other

2

elastic fields take, on the interface, the following values :
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n 2b v, -V
ul(0)( )(Xl’x2 = O'Xa): - - Hyp, (v, - 2) In |X1|
wlul@-av)) - ul(3-4av)]
Abpyp, (v, —vyHy) 1

ﬂ[,ulz(S -4v,) - ,u22(3 - 4V1)]X_1

(0)(m)
o, (X, X

=0,x,)=-

2

(oxm)
0-33

‘= 0% = b,y —py) 1 (33)

(X0 %,
7[[,u12(3 -4v,) - /122(3 - 41/1)] X,

I11-2. Displacement and stress fields for an interface sinusoidal
(glide-type) edge dislocation

111-2-1. Partial elastic oscillating fields

Four values for (™ («,), 8™ (x,) are extracted from (15); these are:

—(m & k — A, (m o (m) 2 A (m)
(a) 0{2( )(Kn): 21 (k2+;2)3/2 Ea;;( ", B, (k,)=0=p,, )
1 n
—(m) m-1 IQ bé:nkl 2 1 1_4vm _ —A,(m)
(b) az (Kn):(_l) B ) k2 z_kz 2+k2 2 =a2b !
4\/k1 + K, L K NN L TVLK,
o (m IQ §nk A (m) .
ﬂz( )(Kn) _ > b 1 - - ﬂz‘l\)n( )’
2(k, +v x.)
: (m) (m) (m)
(C) OT(m)(K ) = Ién( a a,. k1 a5 k1 W — A, (m)
2 n/ =

ﬂ_(m)( ) pmgn blc bZCkl b3<:k1 = A, (m)
S 2k, K+xl K +ox *
. (m) (m)
(d) a_(m)(l( ) = i( 8 " 2,4 k1 ): OTAn(m)
? ! 2 \/ 2 2 2 2)3’2 - 2 !
kk2+x’ (k4
se o (m)
—(m) i b 1 k — A, (m)
BT ey = = k—+k2+1K2 = 4, (34)
1 1 n
where
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a = (-1)""pu,bC 187, p, =V ,+V,5 (s,° Kronecker

27 ml

0=, +v,)2vy,;

delta),

al™ = (Q, - Q)v, v, + ()" Ay, 1+ ()" P2y, +v,))I2(v, +v,)

(m)

a™ = ((Q, - Qv, —v, + (=)™ vy, 1+ (-1)" " 4vv,Q. (6 1))/ 4v v, (0 —1)

al =[v,-v,+ (-1)""4vv,1[Q, -Q, —2Q 0(0 ~1)]/2(v, +v,)0 —1)

b, =(Q, -Q) (v, +v,) b, =(Q,-Q)/2vy, (6 -1),
b,, =[Q, - Q, - 2Q.0(0 —1]/2vv,0(0 —1);

2 (™ (Qc — Qb)(fﬁml[v1 —v,l+4v ) +0o, ,[v,-v,A+4v,)]
e 2lv,(A—v,) +v,(1-v,)]

a,y) = ! (6,,0Q, (v, +3v,) +Q, (v, — v, + 4v)))]
2[v,A-v,)+v,0-v))]

-38,,[Q.(v, +3v)+Q, (v, —v,@+ 4v,))]);

b_(m) = Pn (Qc - Qb)/[v1(1_vz) + Vz(l_vl)] '

(35)

Similarly to (16), none of these couples satisfies the entire conditions (15). For
each couple, we give below the associated oscillating elastic fields u * ™" and

(o)™ defined in Section 2.2. A superposition of these partial fields will
provide the complete form of solution (to first order in ¢ ). The couple
(@™, g,y is obtained from (15 a to d) associated with the displacement.
We have at position x = (x,, x,,x,) (¢*™" =a™" (6)*™" = ()™ )

a

(m)

m a 0
i/:n( Voo 2 Gyt S, + 8, —|A,
Y7 00X,
2k K [k T m - 0
x M(é‘u(_l) X2|+ 5i2X1)+ (=1 ' K:5i1 + 0,
r ox,
. . al Tl
o™ = D Al A (6 - 8,) - k(8 -8 — |
oX, ox,
Ay (m)V (m) al, 2
o =-a;, A |son( x,)—+ 2x K [x r]|,
OX,
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n o OA " 2k X, K, ).
An )V:a()—"(é.(fl) (. —x?r s o, KK (36)
j3a la j1 0 n 1 j2
ox, \ r )
o (71) \k +)( X, o 7\k K, ‘xz‘
H J- |k1x1dk J- |k1x1dk1’
k + ZK' - k + ZK'
\ (-1)" kS +x X2 ik, x 2|

11dk = J‘ e’Vk12+"'nz‘xz‘eik1x1dkl — 2K” X

-0 -0

I:J‘e K

1t

Terms in brackets | | are operators actingon A and 1, (i.e. m,withz = 1),
separately; r® = x” + x> and subscripts i= 1 to 3 and j= 1 and 2; k [x] is the
nth-order modified Bessel function usually so denoted and s is the Kronecker
delta. We stress that the various integrations (such as in 1, and 11 ,) performed
in the present study are given for spatial positions satisfying the condition
(-1)"x, <0 (i.e. (-1)" " =sgn( x,)) with m =1 when x, > & sin «_x, (half-
space 1) and m = 2 when x, < ¢, sin «_x, (half-space 2). However, this makes
no difference in the elastic fields to first order in ¢_. The pair (o™, g™

is obtained using (15 e to h) associated with the stresses. We have (using the
similar notations)

0
2l-v )+ x, —

2 2
Iy, —2x 11, + meanm
ox,

nV],

iQ. A

A, (m)V b *n

U, = ——4 {2
Ho

) 0
K. |IB—4v, +2x, —]
ox

2

. 2
Ay QA [ 2 : 0 o,
u,, =—— — X, + x, —|ll, -
4y, X, ox, ox,0X,
) o ||o1T,
+12Q-v )x X, —(3-4v )— = |
ox, || ox,

0
3-4v +2x, —
ox

2

* Au, ox, ox,

N iQ. 6A &
uA"( )V:_b n_[znl_np +

HVJ,

206, +v,6,5) + (6, = 6,)x, —

A, (m)V IQ bAn 0
T b =~ —12
2 oXx,
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+ 2k (=6, + SO, +xl[p, 5, +A-p )5, 6,0

i3 Pm
2 2 8
+tx v, 8, +@A-v )s,+(B—-4v )5, -2[v 6, +@A-v )5, -5, ]x, —]|IT,
ox, "
- 2 2
L(m) iQ A, 0 K o oIl )
oo™ = - =l asgn( x,) =+ 2X, Q-v )’ - ~l1o + pox £
2 ox, o0X, ox

2 2 a
-v kK [2Q-v )x X, + —

I, |
ox,

2
0 _2KnH1

0
2l-v )+ x, —

A, (m)V |Q (';‘A
O 131 =~ 2 ox,

2 0x,

2
+ meanm

) 0
—-V.K, 3—4Vm +2X2—HV )
ox, "
v IQ, 2A ot
zznb( A &—”_ —4dsgn( x,)K, +2x,1, - -
2 0x, 0x, ox,
) 0
+2A-v ) x, + —

- J . (37)

ox,

The couple (a ™

,p.™yis calculated from (15 i to 1) associated with
stresses. We obtain, with the similar notations

m iA m o |l
1‘;()\/ - 2¢Fm |K +Z|( 1) a()+( l) s Pm|tT X, ||0
2u, k =y 9%, |
a N
+xi(p b, + ()" ™), + o P (-1)" a (?)—pmb3c)1+ X, — |nﬂ,
L 6X2 ] J
. ia ([ ., X 3 . o |1
ug ™ = (D™ al —2p,@-2v )b, )=+ p, 3 (=) b x, —] 1,
2lle |_ X2 s=1 1 J
2 2 (m) 1=
+ 2k, son( X)) — b, o, &, son( X,)X, +( e T (= n"e me(l_zvm)blc) + X, 6_ [J
X211
m1_(m o [1em
+p (0 -Db, xlx, + ()" " al™ + 2p @-2v )b, )—] ”W,
L 2 ox, J
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1=
2+ x, —||J
8X2J

+ P, b,
T|an w

M%H_JM,

m |— m— m
oMY - |A[ p. b, kix1, L (0" a'™ 4 p_@+2v_)N-1)°b_)

s=1

Ay (m)V i aA )

3c Z#m 6X L 2¢c

s — 2k, son( X )|x ||( nH"al”
L

m m aH |— m
+ (-1 1()+pmb2c)6 1 =D"al™ +p b
X1 |_

2|sgn( x;)J

3c 1c 2c¢ X2
aXz 6X1

+pm

m T lc

ort ,

(( l) a(m)_pmeC)

oX,

-

o |1em
D" alMe + pob, — HW

v, =611+ 2v  + X, |
ox

J oX,
o |lar,
_va_xz |

oX Jax

Q(m) . -
oy =AY (D" Al + (-1 b, p,
s:lL

1

(m)
- pmblc

+2n S son( x,)x, ||L( )"

+xIQ-0) (1" "alM v p b, - 2v, —x2—|
L

3
. o i o1l

bZCan)(l + 2sz (_l) bsc IU (( l) a( ) - bZCpm)
ox ox

s=1 1 1

A, (m)V _ -
O a3c __IAn{pm

. )
— 2k son( x,)|x, ||( D"a™ b, p, 2@V, )+ x, —
OX

|— (m)
|( n" a,, +p,b
L

0
30}1+ 2v _(1-6)+ x, —

r
012"0( "= iAn{ZK:(_ a;r:) + (_l)mzvmpmec)Ku + | pmk:(blc + bSC(l—H)]x
L

2

]

(_ m _(m) _ s-1 ) 0 _ s
(-1 a, +2p,v,(=1) b )—+(-1) b_p, X,
ox, oX,

3
>
s=1
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[ o I
vl p (0 -1b, x’x, + (D" al™ —2p v b, )— |HJ,
] A7)
. oA . . o |
GHW=L—J—ZC |K+zul)meM4>Mc+n——m
8X3k 1| 6X2 ]
2 (m) |— (m) 0 —|
+ K, (pm 5o + (- 1) )H + Ok | (- 1) — ,omb3C + X, _6 [TT, |»
X, 0|

s 0
(-1) b x, —
0

(0A, [ X 3
o (m ( )
oMY~ [|(( D" "al™ 12 vmeC)X—1+ oy

6X3 L 2 s=1 1
[ . o 1=
+ 2x, sgn( x,)| = b, 0o,.x, sgn( X, )X, +(a +(-1" 2p . v.b, ) + X, —||J
L 6X2J

(" *alm —2p v b, )—

[ ) o |lom,
+|p, (0 —Lb, x x, + | ,
X, ] oXx,

R s (38)

The pair (o™, g™ is calculated from (15 m to p) associated with stresses.
In a similar way, we obtain
iA

_ [ _
—"(2b("‘) 2Ky + 1 (D" all) + 20 ™
2u, L

A, (m)V
1d

cZ(-nmalm 4 b_(m))l'llJ,

X, o0x,

m iA m-— m _m X _m
ugn My —o H((—l) fal™ 21— 2v )b M) 2p My,
24,

[— _
— 2k, sgn( x,)| b (m)an sgn( xz)xz2 + ((—1)m 2(1-2v )b m_ al(;“))

L
u:dn(m)v _ i oA, —b_(m’ (( nH" (m) b(m,)an
2, OX, oX,
— o =
-2k, son( x )|x ||( D"alM +b M2+ x, — |JJ,
L 6X2J
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m m— m m oIl —(m =
o_ﬁ"d( o [ (( 1) -1 ( ) b( >) ; L, 4p ¢ )vm/c: sgn( x1)|x2|J
X

1

ro, ot 1

—_ a —_
w1l @™ +al™y+ 2@+ 2vm)b(m))—(3 —b(m)Lxlxn - 2x, o J ,
X1 X X2 J
[ — o ||1a1
a(m) iA ( m m m m
o "= - @S +a™y+2b ™ - 2v - x, —||| —°
Ll_ 6X2 J(’;‘X1
L2 |— m-1 (m) L (m) —|=\]
K, sgn( X )|x ||( 1) -b 2v o+ X, —|[]J |
L 6X2J J
m _m a m m aH
oMY = iAn[b( NcZx, + av, —1, + x2((-1)"al™ + b ™) —2>
ox, ox,

0
2(l+v )+ x, —

0X,

+ 2k sgn( x )|x ||( nha ¢ b (™

m - m— _m m m m m _m 6
o amY = |An£2xnz((l) 2r b ™ —aMK, (D" @ +almy + 4v b ))—a
X
2
— [ 2]
+b(m)X2LK:72 J I, |
2 0
oX,
. oA (T — o |1
o™ =i — (-1 (@ +al")y+ 2b ™ML+ x, —| |1,
0X, L GXZJ
(DAl B, 26l J
n 2d 1 n 2 0
. (oA, [ X — X o |1
oMY | (-1)" a2 —2p ™y 4 x, —[|1,
8x3 L X, X, ax1J
[ — — d )
+ 25, sgn( x)| —b MxZson( x,)x> + ((-1)"2v b ™ +al™ i+ x, —]||J .(39)
L 6X ] J

111-2-2. Boundary conditions and corresponding elastic fields

To first order with respect to the perturbation a_(i.e. ¢ ), the elastic fields

u™(x) and (o)™ (x) of an interface sinusoidal edge dislocation, Figure 1, as
deduced from (3), (6), (13), and (20), may be written as
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- (m)

~ (0 ~ A
u _ IJ( )(m) +u n(m)

; (40)
(O_)(m) _ (O_)(O)(m) + (o‘)A”(m)
d @™ and (o)™ (Section 3.1) correspond to the fields of a straight edge
dislocation lying on a planar interface; ¢ *‘™ and (o)™ are oscillating
expressions proportional to either the sinusoid A (x,) or its spatial derivative

oA, I ox, in the forms

—~ A (m) —~ A (m)ew —- A, (m)W
u =u —u
Aq (m) A, (m) A (mw (41)
()" =(a)" -(o)"
with
—~ A, (m)W A (m) =~ A (m)V A (m) = A (m)V A (m) = A (m)V A, (m) =~ A (m)V
u =17, Ua +77b Ub -0-77C Uc +77d l,Id
A, (m)w A, (m) A, (m)V A, (m) A, (m)V A, (m) A, (m)V A, (m) A, (m)V
(o) =n," (o), +7," (o), +n." (o), +ny" (o)
(42)

u>™Yoand (o)™ are given in (36) to (39) (for v ™~ and (&)™, see

atod atod atod atod

(6)); n - are real to be determined by the requirement that the elastic fields
satisfy the following conditions:

e ‘™ (hence u ™) iscontinuous across the interface. Actually we shall
write this condition for the x, and x, components (i.e. v andu ™

)

e $du™ =b foraclosed contour r encircling the dislocation . With the

r

continuity condition above, imposed on u/™and u (™, it is sufficient to
satisfy this condition for the x, - component u{™ only; Because
f du om_p (see Section 3.1.2), we shall just have to satisfy the

A, (m)

condition j’adu ;"= 0. Again, we may take for r a square of side a in

r

x,x, — planes surrounding the dislocation and travelled in the direction
of the corkscrew advancing in the positive x, - direction.
e o " (hence - ™) are continuous at the crossing of the interface, i.e.

i
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A, (1) A, (2)

(Py) = (P) .
o J‘m>w = J“’WW +u ™" (hence u ™™™ ) vanish far from the interface
(i.e. when |x2| — o ). This condition is automatically fulfilled because

§ ™ tends to zero when [x,| > « (see Section 3.1.2) and u "

(i= 1to 3 and j=a to d) equally (see their various expressions in (36)
to (39)).

It can be seen that all the stresses involved in (o)™~ and (o)>")" are

vanishing at infinity. Under such conditions above, ‘™ (x) and (o)™ (x)
correspond to an interface sinusoidal edge dislocation (up to terms of first order
(zero and one) with respect to the perturbation A ). Next, we express the
quantities involved in the various conditions above and then proceed to satisfy
these. Before displaying the equations describing the above boundary
conditions, we stress the followings: (1) For point P, (x,, x, = &, sin x_x,,x,)
on the interface, expanding the elastic fields to terms of first order with respect
to x, =¢, i.e.

—~ A (m)
UM (xg, X, = E,%) = UM (x,,0, %) + (x,,0,x,)¢
XZ
" " a(o)™™
()" M (x, x, = &,%,) = (o)™ )(xl,o,x3)+6—(x1,o,x3)gm
X

2

reveals that second terms (on the right of the equations above) are proportional to
¢’ because the elastic fields are proportional to A = ¢ sin x x, OF 8A_ /ox,

Hence continuity conditions for the elastic fields on the interface will be
imposed on the first terms only, i.e.

— A (1 A, (2
U"() (2)

(x,,x, =0,x )—u (x,,0,x;)

A, (1) An(2)

()P (x,,0,x,) = () (x,,0, x,) -

(2) In most cases, the elastic fields on the interface are exponentially decreasing
functions with x, ; these are bounded functions. Under such conditions, we have

considered their linear forms with respect to x, and posed the coefficients
proportional to x, constant with m. However, for ™ and & ‘", in addition

x1| x1|]

x,|1) appear in o,

|] only in & »™ .
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For both stresses, we have imposed the coefficients of the unbounded functions
constant with m separately; the coefficient of k[« |x,|] in o™ correspond

to that of k,[x |x,l in &2 . The contributions of their assomated bounded

functions are not taken into account. It is interesting to mention that there is no
singularity of the type 1/ x,in o™ . Hence, this stress does not contribute to

the crack extension force when a crack ( i.e. a continuous distribution of
infinitesimal dislocations) in the interface is loaded in tension. On the contrary,

x,[1is of the 1/x, type, o™ does. (3)

A, (m)

Corresponding to the condition fdu = 0, Is written below the relation that

r

cancels the coefficient of K, [x a/2]0nly, in the mathematical expression of

fdu &) - all other terms are proportional to the side a of the square r that may

be neglected for small values of a. We may write :

ulA”(l)(x1 =0,x;)=u . (2)(x1,x2 =0,x,) =
i{n;ﬂm)(_l)m*za;:un; ™iQ,[2+v,3-4v,)-p,]
Y7
) + ™ 2i[p b, + (1" a™ v o(-1)"al™ - p b, )]
+ M 2if—n" el b M=
u;\,.(l) _ U3An(2)
LAy 2™ 2 2 o - v G- dv,)]
o

A, (m)

+ 1, 2[( 1) a(m)+b(m)]}z

w2l p by (DA + Vo (=Dl + p,b,, )]
A,
2

fdu M _ g =

2
r

m-1 87”Q b

Hen

A, (m) Ay (m)

-1)"bC, + (1) " e, + " (1)

8 i m "
A, (m) _[(_l) me(l— 2Vm)b20 + a( )

c 2¢

Mo
87Z—i m-— _m m .
+p ™M [ 2@ -2v )b ™M+ aM]= e
Mo
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A, (1) A, (2)
On =0y =
D 2l e )
+ 72" 2ip b, + (-1)"*a™ + Vo ((-1)"a ‘””’9+p b, (2v, (1-0)-0))
+77dA(m)2'[( 1) (m) b(m)]Ee:n;

A A2)
0-22 - 0—22 =

2", [a - v)\/_+(1—p)\/_]

22— o)No[(-) el + (<14 2v,)p by, = el

+7

A, 1 A, (2
n()ign():>

O3 - Y33
M) 2™ Mg [2 - e, + (B vy, ]

a

2 2ip b, + (1" el + Vo ()" el - p b, L+ 20, @-0)))

+ A(m)zl[( l)ml (m)_b(m)]ze:n;

A, (1) A, (2)
= O

EP - 12
—c,+n2™2aM 4+ "M ()" 2iQ,
+ (m)2|2[a(m)+( n"2v, p. (-1)°"b, |

An(m) 5 il (M | g (m) b (m)
+ 17, 2|[a1d +a,, + (- 1" 4y D ]—9711

—v.C, +n™M2am 4 MM (1" 2iQ,

m m

+ ™ 2ilal™ + (~1)"t2v, p b, ]+ ™ 2ial™ + (-1)"2v b ™ ]=el;

AL AR)
13 =03 =

" 2a™ e MMiQ 2+ v, B-4v,) - p, ]

+ A(m)2||:pmb2c+( 1) ;':)4_0(( 1) (m)_pmb3c)]

+’7dA(m) [( 1)m1 (M)*b(M)]Eesn;

0':3"(1) _ O_ZA;(Z) =
expression o above; (43)

where all e’ (m)are constant with m=1 and 2 (i.e. e () =¢(2)). The
equations (43) have eight unknowns » " (i=ato d; m=1 and 2).
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The methodology of the solution may be: (i) express the » ** as a function of

the » @ giving four relations, (ii) report these relations in four independent
equations in (43); we have then a linear system of four equations with
unknowns 5 *® that can be resolved by the usual classical method with
determinants. The result is four expressions linking the » *® with the elastic

constants of the mediums m=1 and 2. (iii) Come back to the » ** relations to
find their respective values as a function of the elastic constants. The pair
(im0 @) - u,e. @)e. ) isa linear system of two equations with unknowns

A, (1)

7o and M that provides relations of the formers with respect to the 5
. The result is that the relations for both » ** and
and » . These are introduced in the pair (u,e™ (1);e," (1)) that becomes a

linear system of two equations with two unknowns »*“ and »»*, the
resolution of which, provide the relations for these parameters. It is found that
both parameters depend on all the » *® (ii= a to d). Hence, we can write

) (N
|

A, (2)

only depend on 5

A, A
lpl® ] |0 0 B
| A(2)|_| + (44)
0 C
D, D

b
el o e e el

where A and D and the elements of the 4 x 4 matrix depend on the elastic
constants of both media; these are listed in the Appendix. Next, the following
notations are used:

Ay _ 4 (m) (m) A, (m) (m) A, (m) (m) A, (m) (m) A (m)
ei (m)_ti +tia 7, +tib b +tic c +tid e ' (45)

The comparison of (45) with (43) gives without ambiguity the values of the
coefficients ¢ andt,"’ required by the resolution methodology. The general

e" (2) = e/" (1) becomes

PO A +t7D, -t ) g MDA, +tPB, +tPc, +tPD, -t)

a ia a id b ib

A, (1)

n (2) (2) (2) (2) (1) W (D) (5 (2) (2) 1)
+n (tia Ao+t Bo+t Co+ty Dot )+77u (tia Ay 1y Dy — 1t )

7 - (tP +tPA+tPD). (46)
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For i = 1to 4, we arrive at a linear nonhomogenous system of four equations
with unknowns » »® (i=ato d), to be resolved to provide valuesto » **. The
system has the form

1) A, (1)

( Ay A1) A (1) - b

a1177a +a1277b +a13770 +a1477d s |
A, (1) A ) A1) A _

a2177a +a2277b +3237]C +a24’7d _bz (47)
A () A, (1) A, (1) MO _ '

|amna T a0, +agn, +ay7, ~— V3
A, (1) A, (1) A, (1) A (D)

{ama tagn,tagnta,n, =b,

In matrix notation, (47) is associated with a 4 x 4 matrix (A) with elements a,
(i,j=1to4)and (B) a 4 x1 matrix with elements b, (i=1to 4). Thus,

" b
|('7aA (1)1 (b1w|
T ’ -1 2
| e [T (48)
n,’ b3
L”dAn(l)J Lb‘lj
where (A™) is the inverse matrix of (A), with elements
(A7), = -1, (49)

" det( A)

det( A)is a 4th-order determinant associated with matrix (A) and A, a

3rd-order determinant, associated with a 3x3 matrix obtained from (A) by
removing the row (j) and column (i) of element a , . With the help of relation

e/"(2) = e/" (1) (46), the following identification holds:

b, =t -t +tPA+t'D)

a, =tVA +tPD, -t

a;, = ti(aZ)'Ab + ti(bZ)Bb + ti(CZ)C:b + ti(dZ)Db - ti(b1)
a,=t?A +tB +tc_ +t'D -t
a, =tPa, +tD, -t (50)

i4 ia d id d

We carefully choose the following four equations (Ei), i=1 to 4:
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(EL): er(2)-es(2)=er@)-er@)

(E2): er(2)=er ()

(E3): e;‘"(z) = e;‘" @)

(E4): e (2)=¢"(); (51)

these lead to following identifications:

b, =C,(A-v,)-C,(1-v,)-2i(a” +2v,b®)D,
a, :2i(a(2)+2v b(z))D

1d al

@\ 20,6 )p

1d

a, =2i(@? +a® +2vy,(b, +b,))c, +2ia o

a, =2i(@® +a® +2vp, (b, +b,))C, +2i(@? +2v,0?)D,

—2i(a® +a® —2vv, (b, +b,)),

a, =2i(@? +2v,b P)o, - 2i(al? —2v,b ¥);
b,=C,-C,-2a2A-2ia? +al? + 4,0 )D,
a, =2a2A, +2|( 4 al? s b(z)) D, -2a’,

(2) - - (2) -
a,, =2a”A, -2iQ,B, + 2.2 [a” +2v v, (1) bk,

s=1

+2i(@a? +a® +av,b ?)D, - 2iQ,,

2d
(2) s—1
a, =2a’ A, -2iQ,B, +2|Z[a +2vr, ()b .,
s=1
_ 3
+2i(a (2)+a§2)+4v2b(2))D072iz [a +2v.v, (-1)°b_ ],

_ (2) (2) (2) - (2) (1) (1) IR
a,, =2a, A, + 2|( +a,, +4v,b ) 2|( +a,, —4v,b ),
b, =0,
a, =0,

- Qb((l_vz)\/Z"' - Vl)\/:)Bb
v20-0)Vo (@2 — - 2v,vb)e, -, (a- v, + a-v ),
=@, (@-v ), +a-v)Av, B

r20-0)Jo@® —@-2v, v, ), +2@-0)No(a® + @-2v,)v,b,. ),

c

a, =0;
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b =i{2 @A+ 2i@® +b0?)p},

4

Hoy
1)
a,, :—L{z @Dp 4 2i@? + b @) o2 B,
#, #
1
a, = —1{-2a2A, +iQ,[2+v,(3-4v,) - v,]B,
Hoy
+ Zi[vlbzc - a;i) - H(aéi) + V1b3c )]C - 2'( o+ b_(Z))Db}
_ IQ"(2+v1(3—4v1)—v2),
Hy
1
8, = ,U_{_ Zal(:)Ac + in(2+V2(3_ 4V2)_V1)B°
2
+2ilv,b, —af) - 0(a +vib, e, - 2i(al) + b )
2i
- (Vzch + a(l) H(as(lc) - Vzbzc ))’
Hy
a, = —f2a®a, +2i(@? + 5P, |- (@ —b ™). (52)
M,y !

(52) gives the matrices (A) and (B) and (48) the corresponding solutions 7

(i=atod). It is then possible to reach the associated » ** (j=a to d) with the
help of (44).

The solution » ™ (i= a to d; m=1 and 2) must satisfies the entire (43).
Next, we shall restrict ourselves to demonstrate that we have effectively
e.," (1) = e." (2) that only involves two parameters » ™ (i= b and c). We find

A, (1)
—{b (a41 T8y 44)"'b (an w "8y 14)+b (a21 1w 8, 24)}
det( A)
A@ 8% aq 53
ne == (53)
845
Using (44), we get
A ( 1 A, (1)
Ty = _(a33Bb a3ch)nb
a33
v~ L(a e, —a,C i (54)
. - 337 b 2% My
a33
so that
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A(2) _ a33cb ~ a3zcc A, (2) (55)

c b

a.B -a,_B

33 b 32 "¢

It is then easy to show that

el )= (@[ - v, + a-v, ), ]

21-06 \/;a
+ 20-6)voay as(lc) +(1- 2v1)v2b36] nbA"(i) = eSA” (2)- (56)
a33

(56) is in favour of the rightness of our calculations. The associated fields
d ™™ and (o)*™ (41) must be continuous at the crossing of the interface, at

P, = (x,,x, = &,x,), to first order in ¢ . The continuity of - on the

3

interface permits to write the associated singularity term (to first order in ¢ )
as

An

o'A”(m)(Xl,O,X3)E—6An eL (57)

23
oX, X,

(57) is useful because it contributes a non-zero value to the crack extension force
when a non-planar interface crack with a wavy front is loaded in tension (see [3,
5, 7] for non-planar wavy crack propagation in a homogeneous medium, the

analogous case ). In summary, the elastic fields (¢ ‘™ and (o)™ : (40)) due to an

interfacial sinusoidal edge dislocation (Figure 1) to first order in the
perturbation, is the sum of two terms: the first one corresponds to the elastic

fields (u™ and (o)™ : (20)) produced by an interface straight edge

dislocation, lying on a planar interface, whose expressions have been provided
in Section 3.1, under continuity requirement at the crossing of the interface;

the second term is an oscillating expression (u*™, (o)™™' : (41)),
proportional to the perturbation A (x,) = &, sin «_x,Or its partial derivative
oA, 1 ox, . This latter expression can be written as a linear combination (42) of
partial elastic fields u*™" (i= a to d) ((36) to (39)). The associated
proportionality coefficients , > ((44), (48)) have determined under the

assumption that the elastic fields (v ™, (¢)™ ) must be continuous on crossing
the sinusoidal interface.
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IV - DISCUSSION

We would like first to mention that the values of the elastic fields (v “*™ and
()™ 1 (20)) on the interface points (x,, x, = 0, x,) are independent of v_ (see
(30) to (33)). This suggests that v_could be set equal to zero with no change in
the elastic fields; the associated couple (see (16)) («,, = 0,2,™) corresponds

to calculating g™ using (14 i and j) and imposing «,™ = o . Expressions for
the displacement and stress fields of interface straight edge dislocations with
their associated Airy stress functions have been given [13, 14]. In the geometry
of the Figure 1, the calculated shear stress o, (x,,x, = 0,x,) IS zero on the

interface for an edge dislocation with Burgers vector b = (0, b,0) perpendicular

to the interface. Later on, [15] has stressed that this shear stress contains a term
proportional to the Dirac delta function; this result has been incorporated in a
number of analyses of the propagation of the interface crack under load
([16-19], among others). Incorporating a Dirac delta function in the value of
the shear stress on the interface is a clear indication that the elasticity solutions
given by Dundurs and Mura [13] are partial. In the present study, a Dirac delta
function is present in the complete elastic fields (Section 3.1.4) and pertains to
the partial elastic fields ™" ()™ only (see (19), Section 3.1.1). This

suggests that the results of the present study are potentially more general;
however, discrepancies between our expressions fors ™ (x, x, = 0,x,) (30)
and & 2™ (x,, x, = 0,x,) (32) and those given below by [17] are observed. In
the geometry of the Figure 1, their results are (solid S1):

(1)( Zbylyz[yl(l—sz)—yz(l—2V1)]

o, (X, X, =0,x,)=— S(%.) s
[:ul +u, (8- 4V1)][/U2 + 4, (3 - 4V2)]

4b 1-2v,)+ 1-2v 1
O'Z(i)(XI,XZIO,X3)7 ;Llliuz[lul( 2) /’12( 1)]

B 7[[/”1 + fuz(s - 4‘/1)][/”2 + #1(3 - 4‘/2)]; .

Their shear stress o changes sign on inverting the elastic constants indicating
that it is discontinuous on crossing the interface from solid S1 (&) to solid
S2 (&,2). In contrast our result for & ™ (30) is continuous at the crossing of
the interface. This indicates an essential difference between the interface
boundary conditions in both studies. Their & above is continuous across the
interface like our value (32).
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V - CONCLUSION

In the present study, Galerkin vectors have been used (Section 2.2) and
associated interface boundary conditions have been displayed. These
conditions can be decomposed into two groups: (1) the first group corresponds
to a planar interface with a straight edge dislocation at the origin (13); (2) the
second group corresponds to terms proportional to the sinusoid or its spatial
derivative with respect to x, in the elastic fields expressed to first order with

respect to the perturbation A (x,) = &, sin «_x, (14). Satisfying both boundary
conditions leads to terms of first order with respect to ¢ _in the elastic fields

of a sinusoidal edge dislocation (see Figure 1). The terms of zero order (u ©*™
and (o)™) correspond to the elastic fields of an interface straight edge
dislocation. These results contain the Dirac delta function in the shear stresses
on the interface. We have compared these findings with those previously
published on similar problems. The terms of first order are proportional to A_

or its partial derivative oA /ox,. Among the additional oscillating stresses,
o™ is the only one that possesses a singularity of the 1/x, type on the

interface. This stress contributes to the expression of the crack extension force
when a non-planar interface crack with a wavy front is loaded in tension.
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APPENDIX

The relation (44) expresses the , ** (i=a to d) as linear combinations of the
n @ . The associated proportionality coefficients have been determined by a
procedure expounded in Section 3.2.3. We obtain

2.(2) (4 (2) 1) 2 (L (2), (1) (2)4 (1) 2 (L (2), (1) (2), (1)
A 2l (t3 -t ) . A = H, (t3d t. —bgts, ) LA = H, (t3d ta — b tsg ) ,
A(2) a A(2) d A(2)
34 34 34
/12
_ 2 (2) (£ (2). (1) (2), (1) (2) 5 (1) (2) 5 (1)
A, = A@IA@ {ﬂl 12 (t3d ty — 't )+ ['ulRlz R — #,R; Ry, 1
MRy Ry
(2),(2) (2);(2) (2) 5 (1) (2) 5 (1) (2),(2) (2),(2)
x (tad t1b - tld tab ) + [ﬂsz R11 - :u1R11 R21 ](t3d tlc - tld t3c )}’
2
) (2) (4 (2) (1) (2), (1) (2) p (1) (2)p (1)
A, = (2) . (2) {#1A12 (t3d te — byt )+ [#,Ry; Ry — 1,R Ry,
1A12 A34
(2),(2) (2);(2) (2) 5 (1) (2) 5 (1) (2),(2) (2),(2) }
x (tsd LY P Y )+ [fqun RlZ - /ulRll Rzz ](t3d LSV PP )i
(2) 5 (1) (2) 5 (1) (2) 5 (1) (2) 5 (1)
B — :quzz Ru — /ulR12 Rz1 B = /quzz RlZ — #1R12 Rzz .
b = AD ! c = A !
HiB g, HiB
(2) 5 (1) (2) 5 (1) (2) 5 (1) (2) 5 (1)
Cc = ”1R11 R21 — /qu21 R11 c = ”1R11 R22 — /quzl R12 .
b= AP e T AP '
'Lll 12 'Lll 12
2.(2) (1 (D) (2) 2 (L (2) (1) (2), (1) 2 (L (2), (1) (2), (1)
D = Mol (ts -t )’ D = #Z(tla t. — 15, tla)’ D - 'uZ(tla tg — bty ),
A(2) a A(2) d A(2)
34 34 34
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2
H, (2) (4 (2)L (1) (2), (1) 2)p ) (2)p )
D, =~ (2) (z) {:ulAlz (tsa LSV S )+ [”1R12 Ry — #,R; Ry ]
MDA
()2 _ (2) (2) (2) () (2) (&) (2)4(2) (2),(2)
x (0 )+ Lo RIRY - wRIRIITEY - (06,
qu (2) (£ (2), (1) (2), (1) 2)p (M) (2) 5 (1)
D, =~ A(Z)A(Z) {ﬂlAlz (taa te — Uty )+ [#,Ry; Ry — 1,R5 Ry,
Hy

(2) (2) (2) (2) (2) 5 (1) (2) 5 (1) (2) (2) (2),(2) .
x (t3a 1b _t )+ [u R21 RlZ _IU1R11 Rzz (t3a 1c _t tc )}'

2 2 2 2 2
A():R()R()—R()R(),

12 11 N2 21 N2
(2) (2),(2) (2),(2)
A :/UZ(tlat LY )’

R™ = Q,[pn = frn — G=av )v, - )]s
w200 -Vo)l-n"al” + p,b,. ],

RS =2a-o)Vol-n"al’ - a-2v )p,b,.],

R™ = Q,[@-v,)v, + - p)nfp, ], M=1and2.

Py
3
I

We recall, for (™ and ¢, to see (45); all the various other parameters are
defined previously in the text.
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